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Preface
The series of workshops on ”What Comes Beyond the Standard Model?” started
in 1998 with the idea of organizing a real workshop, in which participants would
spendmost of the time in discussions, confronting different approaches and ideas.
The picturesque town of Bled by the lake of the same name, surrounded by beau-
tiful mountains and offering pleasant walks, was chosen to stimulate the discus-
sions.
The idea was successful and has developed into an annual workshop. Very open-
minded and fruitful discussions have become the trade-mark of our workshop,
producing several published works. It takes place in the house of Plemelj, which
belongs to the Society of Mathematicians, Physicists and Astronomers of Slove-
nia.
In this seventh workshop, which took place from 19 to 31 of July 2004 at Bled,
Slovenia, we have tried to answer some of the open questions which the Standard
models leave unanswered, like:
• Why has Nature made a choice of four (noticeable) dimensions? While all the
others, if existing, are hidden? And what are the properties of space-time in
the hidden dimensions?
• How could Naturemake the decision about the breaking of symmetries down
to the noticeable ones, if coming from some higher dimension d?
• Why is the metric of space-timeMinkowskian and how is the choice of metric
connected with the evolution of our universe(s)?
• Where does the observed asymmetry between matter and antimatter origi-
nate from?
• Why do massless fields exist at all? Where does the weak scale come from?
• Why do only left-handed fermions carry the weak charge? Why does the
weak charge break parity?
• What is the origin of Higgs fields? Where does the Higgs mass come from?
• Where does the small hierarchy come from? (Or why are some Yukawa cou-
plings so small and where do they come from?)
• Do Majorana-like particles exist?
• Where do the generations come from?
• Can all known elementary particles be understood as different states of only
one particle, with a unique internal space of spins and charges?
• How can all gauge fields (including gravity) be unified and quantized?
• Why do we have more matter than antimatter in our universe?
• What is our universe made out of (besides the baryonic matter)?
VI Contents
• What is the role of symmetries in Nature?
• What is the origin of the field which caused inflation?
• How are the randomness and the fundamental laws of Nature connected?
We have discussed these and other questions for ten days. Some results of this
efforts appear in these Proceedings. Some of the ideas are treated in a very pre-
liminary way. Some ideas still wait to be discussed (maybe in the next workshop)
and understood better before appearing in the next proceedings of the Bled work-
shops. The discussion will certainly continue next year, again at Bled, again in the
house of Josip Plemelj.
The organizers are grateful to all the participants for the lively discussions and
the good working atmosphere.
Norma Mankocˇ Borsˇtnik
Holger Bech Nielsen
Colin Froggatt
Dragan Lukman Ljubljana, December 2004
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1 Predictions for Four Generations of Quarks
Suggested by the Approach Unifying Spins and
Charges
M. Breskvar, J. Mravlje, N.Mankocˇ Borsˇtnik
Department of Physics, University of Ljubljana, Jadranska 19, 1111 Ljubljana
Abstract. Ten years ago one of us (NSMB) has proposed the approach unifying all the
internal degrees of freedom - that is the spin and all the charges[1,2,6,10] - within the
group SO(1, 13), a kind of Kaluza-Klein-like theories. The approach predicts for families
of quarks and leptons (in the low energy region), and suggets some approximate symme-
tries of mass matrices. Following this symmetries as far as possible, we study in this work
properties of mixing matrices and mass matrices of families of fermions, in particular of
quarks, trying to limit the number of free parameters as far as possible. We present some
very preliminary results, predicting not yet measured matrix elements for the mixing ma-
trix for four generations of quarks and the mass of the fourth u quark.
1.1 Introduction
There is (not yet) any experimental evidence, which would be in disagreement
with the Standard electroweakmodel (one should, of course, understand the neu-
trino nonzero masses just as a natural extension of the Standard model). But the
Standard electroweak model has more than 20 parameters and assumptions, the
origin of which is not at all understood. There are also no theoretical approaches
yet which would be able to explain all these assumptions and parameters. We
expect a lot from experiments on new extremely sophisticated and expensive ac-
celerators and spectrometers, but measurements will first of all corroborate or not
predictions for several events calculated with models and theories.
The Standard electroweak model assumes the left handed weak charged
doublets which are either colour triplets (quarks) or colour singlets (leptons) and
the right handed weak chargeless singlets which are again either colour triplets
or colour singlets. It also assumes three families of quarks and leptons and the
corresponding ”anti quarks” and ”anti leptons”, without giving any explanation
about the origin of families and ”anti families”. It assumes that the quarks and
the leptons are massless - until gaining a (small) mass at low energies through
the vacuum expectation value(s) of Higgs fields and Yukawa couplings, without
giving any explanation, why is this so and where does the weak scale come from.
The great advantage of the approach of (one of) us, which unifies spins and
charges[1,2,4,6,10,13,7,8,9], is, that it proposes possible answers to open questions
of the Standard electroweak model. We demonstrate that a left handed SO(1, 13)
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Weyl spinor multiplet includes, if the representation is interpreted in terms of
the subgroups SO(1, 3), SU(2), SU(3) and the sum of the two U(1)’s, spinors and
“anti spinors“ of the Standard model - that is the left handed SU(2) doublets
and the right handed SU(2) singlets of with the group SU(3) charged quarks and
chargeless leptons, while the “anti spinors“ are oppositely charged and have op-
posite handedness. Right handed neutrinos and left handed anti neutrinos - both
weak chargeless - are also included.
We demonstrate that, when starting with a spinor of one handedness only, al-
though spinor representations of subgroups contain represetations of both hand-
edness with respect to each of the subgroups, yet each of the two representations
might be distinguished by the charges - the gauge Kaluza-Klein charges - of sub-
groups and accordingly, the choice of the representation of a particular handed-
ness is still possible, and accordingly spinors couple chirally to the corresponding
gauge fields.
Our gauge group is SO(1, 13) - the smallest complex Lorentz group with a
left handed Weyl spinor containing the needed representations of the Standard
model. The gauge fields of this group are spin connections and vielbeins[2,10],
determining the gravitational field in (d = 14)-dimensional space. Then a gauge
gravitational field manifests in four dimensional subspace as all the gauge fields
of the known charges, and (as alleady written) also as the Yukawa couplings.
It was demonstrated[8,9,17,19] that the approach offers a possible explana-
tion for families of spinors and their masses, since a part of the gravitational
gauge fields originating in higher than four dimensions appears as terms man-
ifesting the Yukawa couplings, postulated by the Standard electroweak model.
The approach suggests (approximate) symmetries of mass matrices, requires that
four - rather than three - families appear at low energies and suggests splitting
of the four families into two by two families. It also suggests that the proposed
symmetries must be slightly broken, so that the mixing matrices (”CKM” matrix
in the case of three families) would not be just unity.
In this work we start with the action, suggested by the approach, as well as
with by the approach suggested approximate symmetries of the matrix elements
of the Yukawa couplings. We study, how the way of breaking the suggested sym-
metries influences the mass matrices (expectation values of Yukawa couplings in
the approach) and the mixing matrices. Trying to keep suggesting symmetries as
far as possible and minimizing the number of free parameters of the model, we
discuss the properties of the mixing matrices and by fitting the free parameters
with the experimental data (using the Monte-Carlo procedure), we were able to
make some preliminary predictions for matrix elements of the mixing matrice for
four families of quarks, as well as for the mass of the fourth u quark.
We shall repeat some properties of the approach as far as they are needed for
our work.
1.2 Spinor representation in terms of Clifford algebra objects
In this section we present some of properties of one Weyl spinor of the group
SO(1, 13) in terms of the properties of subgroups SO(1, 7)×SO(6) and of SO(1, 3)×
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SU(3)×U(1)×U(1). We formulate spinor representations as products of binomi-
als, which are either nilpotents or projectors - Clifford algebra odd and even bino-
mials of γa’s, respectively. For details we kindly ask the reader to see refs.[3,8,13,9].
We define two kinds of the Clifford algebra objects, with the properties
{γa, γb}+ = 2η
ab, {γ˜a, γ˜b}+ = 2η
ab, {γa, γ˜b}+ = 0. (1.1)
The operators γ˜a are introduced formally as operating from the left hand side (as
γa’s do) on all the Clifford algebra objects, but they are indeed define as operating
from the right hand side as follows
γ˜aB := (−)nBBγb, (1.2)
with (−)nB = ±1 for a Clifford even and odd object, respectively.
Accordingly two kinds of generators of the Lorentz transformations follow
Sab = i/4(γaγb − γbγa), as well as S˜ab = i/4(γ˜aγ˜b − γ˜bγ˜a, with the properties
{Sab, S˜cd}− = 0.
The generators of the subgroups SO(1, 3), SU(3), SU(2) and the two U(1),
needed to determine the spin, the weak charge, the colour charge and the two
hypercharges will be written in terms of Sab
τAi =
∑
ab
cAiabS
ab, {τAi, τBj}− = iδ
ABfAijkτAk, (1.3)
with A representing the corresponding subgroup and fAijk the corresponding
structure constants.
We define spinors as eigenstates of the chosen Cartan subalgebra of the Lo-
rentz algebra SO(1, 13), with the operators Sab and S˜ab in the two Cartan subal-
gebra sets, with the same indices in both cases. By introducing the notation
ab
(±i): = 1
2
(γa ∓ γb),
ab
[±i]:= 1
2
(1± γaγb), for ηaaηbb = −1,
ab
(±): = 1
2
(γa ± iγb),
ab
[±]:= 1
2
(1± iγaγb), for ηaaηbb = 1, (1.4)
it can be shown that
Sab
ab
(∓i): = ± i
2
ab
(∓i), Sab
ab
[±i]:= ± i
2
ab
[±i],
Sab
ab
(±): = ±1
2
ab
(±), Sab
ab
[±]:= ±1
2
ab
[±] . (1.5)
The above binomials are all ”eigenvectors” of the generators Sab. They are also
eigenvectors of S˜ab
S˜ab
ab
(∓i): = ± i
2
ab
(±i), S˜ab
ab
[±i]:= ∓ i
2
ab
[±i],
S˜ab
ab
(±): = ±1
2
ab
(±), S˜ab
ab
[±]:= ∓1
2
ab
[±] . (1.6)
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We further find
γa
ab
(k) = ηaa
ab
[−k],
γb
ab
(k) = −ik
ab
[−k],
γa
ab
[k] =
ab
(−k),
γb
ab
[k] = −ikηaa
ab
(−k) (1.7)
and
γ˜a
ab
(k): = −iηaa
ab
[k], (1.8)
γ˜b
ab
(k): = −k
ab
[k],
γ˜a
ab
[k]: = i
ab
[k] γa = i
ab
(k),
γ˜b
ab
[k]: = i
ab
[k] γb = −kηaa
ab
(k) . (1.9)
The reader should notice that γa’s transform the binomial
ab
(k) into the binomial
ab
[−k], whose eigenvalue with respect to Sab change sign, while γ˜a’s transform the
binomial
ab
(k) into the one (
ab
[k]) with unchanged ”eigenvalue” with respect to Sab.
Let us select operators belonging to the Cartan subalgebra of 7 elements of
SO(1, 13) as follows
S03, S12, S56, · · · , S13 14. (1.10)
One can find the operators of handedness for the Lorentz group SO(1, 13) and
the subgroups SO(1, 3), SO(1, 7), SO(1, 9), SO(6) and SO(4) as follows
Γ (1,13) = 27i S03S12S56 · · · S13 14,
Γ (1,3) = −4iS03S12,
Γ (1,7) = −24iS03S12S56S78, (1.11)
Γ (1,9) = 25iS03S12S9 10S11 12S13 14,
Γ (6) = −8S9 10S11 12S13 14,
Γ (4) = 4S56S78.
Let us make now a choice of a starting state of one Weyl representation of
the group SO(1, 13), which is the eigenstate of all the members of the Cartan
subalgebra (Eq.(1.10)) and is left handed (Γ (1,13) = −1)
03
(+i)
12
(+) |
56
(+)
78
(+) ||
9 10
(+)
11 12
(−)
13 14
(−) |ψ〉 =
(γ0 − γ3)(γ1 + iγ2)|(γ5 + iγ6)(γ7 + iγ8)
||(γ9 + iγ10)(γ11 − iγ12)(γ13 − iγ14)|ψ〉 . (1.12)
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The signs ”|” and ”||” are to point out the SO(1, 3) (up to |), SO(1, 7) (up
to ||) and SO(6) (between | and ||) substructure of the starting state of the left
handed multiplet of SO(1, 13) which has 214/2−1 = 64 vectors. Here |ψ〉 is any
state, which is not transformed to zero and therefore we shall not write down
|ψ〉 any longer. One easily finds that the eigenvalues of the chosen Cartan sub
algebra elements of Eq.(1.10) are+i/2, 1/2, 1/2, 1/2, 1/2,−1/2,−1/2, respectively.
This state is a right handed spinor with respect to SO(1, 3) (Γ (1,3) = 1, Eq.(1.11)),
with spin up (S12 = 1/2), it is SU(2) singlet (τ33 = 0, Eq.(1.3)), and it is the
member of the SU(3) triplet (Eq.(1.3)) with (τ53 = 1/2, τ58 = 1/(2
√
3)), it has
τ43 = 1/2 and τ6,1 = 1/2. We further find according to Eq.(1.11) that Γ (4) =
1, Γ (1,7) = 1, Γ (6) = −1 and Γ (1,9) = −1.
To obtain all the states of one Weyl spinor one only has to apply on the
starting state of Eq.(1.12) the generators Sab. The generators S01, S02, S31, S32
transform spin up state (the
03
(+i)
12
(+) part of the starting state (Eq.(1.12) with
S12 = 1/2 and S03 = i/2) into spin down state (
03
[−i]
12
[−], which has S12 = −1/2
and S03 = −i/2), leaving all the other parts of the state and accordingly also
all the other properties of this state unchanged. The generator S08, for example,
transforms one SU(2) right handed singlet, if making a choice of the first row of
Table 1.1 this would be the right handed neutrino with spin up - νR - which is the
SU(3) singlet, into a member of an SU(2) doublet, that is a left handed neutrino,
again with spin up.
One Weyl spinor in d = (1+ 13)-dimensional space appears as all the quarks
and all the leptons and all the anti quarks and all the anti leptons in the ”physical”
part of space, provided that the symmetries properly break from SO(1, 13) to the
observable symmetries of the Standard electroweak model.
1.2.1 Operators transforming one family into another
We would like to point out that while the generators of the Lorentz group Sab,
with a pair of a, b, which does not belong to the Cartan subalgebra (Eq.(1.10)),
transform one vector of the representation into another, transform the generators
S˜ab (again the pair a, b should not belong to the Cartan set) a member of one
family into the same member of another family, leaving all the other quantum
numbers (determined by Sab) unchanged[1,2,4,10,5,8,9]. This is happening since
the multiplication by γa from the left changes the operator
ab
(+) or the operator
ab
(+i) into the operator
ab
[−] or the operator
ab
[−i], respectively, while the operator γ˜a
changes
ab
(+) or
ab
(+i) into
ab
[+] or to
ab
[+i], respectively, whithout changing the ”eigen
value” of Sab.
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i |aψi > Γ
(1,3) S12 Γ (4) τ13 τ2 τ33 τ38 τ4 Y Y ′
Octet, Γ (1,7) = 1, Γ (6) = −1,
of leptons
1 νR
03
(+i)
12
(+) |
56
(+)
78
(+) ||
9 10
(+)
11 12
[+]
13 14
[+] 1 1
2
1 0 1
2
0 0 − 1
2
0 -1
2 νR
03
[−i]
12
[−] |
56
(+)
78
(+) ||
9 10
(+)
11 12
[+]
13 14
[+] 1 − 1
2
1 0 1
2
0 0 − 1
2
0 -1
3 eR
03
(+i)
12
(+) |
56
[−]
78
[−] ||
9 10
(+)
11 12
[+]
13 14
[+] 1 1
2
1 0 − 1
2
0 0 − 1
2
-1 0
4 eR
03
[−i]
12
[−] |
56
[−]
78
[−] ||
9 10
(+)
11 12
[+]
13 14
[+] 1 − 1
2
1 0 − 1
2
0 0 − 1
2
-1 0
5 eL
03
[−i]
12
(+) |
56
[−]
78
(+) ||
9 10
(+)
11 12
[+]
13 14
[+] -1 1
2
-1 − 1
2
0 0 0 − 1
2
− 1
2
− 1
2
6 eL
03
(+i)
12
[−] |
56
[−]
78
(+) ||
9 10
(+)
11 12
[+]
13 14
[+] -1 − 1
2
-1 − 1
2
0 0 0 − 1
2
− 1
2
− 1
2
7 νL
03
[−i]
12
(+) |
56
(+)
78
[−] ||
9 10
(+)
11 12
[+]
13 14
[+] -1 1
2
-1 1
2
0 0 0 − 1
2
− 1
2
− 1
2
8 νL
03
(+i)
12
[−] |
56
(+)
78
[−] ||
9 10
(+)
11 12
[+]
13 14
[+] -1 − 1
2
-1 1
2
0 0 0 − 1
2
− 1
2
− 1
2
Table 1.1. The 8-plet of leptons, belonging to one Weyl spinor of SO(1, 13) (64-plet), is pre-
sented. The whole multiplet contains spinors - all the quarks and the leptons - and the cor-
responding “anti spinors”- anti quarks and anti leptons of the Standard model, that is left
handed weak charged quarks and leptons and right handed weak chargeless anti quarks
and anti leptons, as well as left handed weak chargeless anti quarks and anti leptons and
weak charged right handed anti quarks and anti leptons. The reader can find the whole
spinor in the ref.[9]. The lepton part contains also right handed weak chargeless neutrinos
and left handed weak chargeless antineutrinos. Γ ’s stay for operator of handedness, while
τ13 is the third component of the weak charge, τ2 is one U(1) charge, τ33 and τ38 are the
two colour charges and τ4 is the second U(1) charge, so that Y = τ2 + τ4 ,Y ′ = −τ2 + τ4 .
1.3 Lagrange function
Refereeing to the work[1,2,4,10,5,8,9] we write the action for a Weyl (massless)
spinor and the gauge field in d(= 1+ 13) - dimensional space as follows
S =
∫
ddx EL+
∫
ddx ER, with
L = ψ¯γap0aψ = ψ¯γafαap0α and R = fα[afβb](ωabα,β +ωacαωcbβ),
p0α = pα −
1
2
Sabωabα −
1
2
S˜abω˜abα. (1.13)
Here fαa are vielbeins, while ωabα and ω˜abα are spin connections, the gauge
fields of Sab and S˜ab, respectively. We point out that there are two kinds of
the Clifford algebra objects[9].( Besides the usual γa operators, there are also
the operators γ˜a, the first connected with the left multiplication, the second with
the right multiplication. The two types of Clifford algebra objects anti commute
({γa, γ˜b}+ = 0), while the two corresponding types of the generators of the Lo-
rentz transformations commute ({Sab, S˜cd}− = 0.)) Indices a, b are flat indices,
while α,β are Einstein indices,m,n, .. and µ, ν, .. will be used to describe the co-
ordinates in d = (1+ 3)-dimensional space, while s, t, .. and σ, τ belong to higher
than four- dimensional space.
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While one Weyl spinor in d = (1 + 13) with the spin as the only internal
degree of freedom, should manifest in four-dimensional part of space as the or-
dinary (SO(1, 3)) spinor with all the known charges of one family of the Stan-
dardmodel, the gravitational field presentedwith spin connections and vielbeins
should accordingly in four dimensions manifest as all the known gauge fields as
well as the Yukawa couplings, if the break of symmetries occurs in an appropriate
way.
To see that the Yukawa-like couplings are the part of the Lagrangean of
Eq.(1.13), we rewrite the spinor part of the Lagrangean of Eq.(1.13) as[9]
L = ψ¯γα(pα −
∑
A,i
gAτAiAAiα ψ) + iψ
+S0hSkk
′
fσhωkk ′σψ
+ iψ+S0hS˜kk
′
fσhω˜kk ′σψ, (1.14)
with ψ, which is (for low energy solution) assumed not to depend on coordinates
xσ, σ = {5, 6, · · · , 14}. The second and the third term look like a mass term, since
fσhωkk ′σ and f
σ
hω˜kk ′σ behaves in d(= 1 + 3)− dimensional part of space like
a scalar field, while the operator S0h, h = 7, 8, for example, transforms a right
handed weak chargeless spinor (above we looked at νR) into a left handed weak
charged spinor (νL), without changing the spin in d = 1+3 - just what the Yukawa
couplings with the Higgs doublet included, do in the Standard model formula-
tion. The reader should note, that no Higgs weak charge doublet is needed here,
as S0h, h = 7, 8 does his job.
1.4 Break of symmetries
There are several ways of breaking the group SO(1, 13), down to subgroups of the
Standard model. (One) of the most probable breaks, suggested by the approach
unifying spins and charges, would be the following one
SO(1, 13)↓
SO(1, 7) ⊗ SO(6)ւ ց
SO(1, 7) SU(4)ւ ↓
SO(1, 3) ⊗ SO(4) SU(3)⊗U(1)↓ ↓
SO(1, 3) ⊗ SU(2)⊗U(1) SU(3)⊗U(1)
︸ ︷︷ ︸
SO(1, 3) ⊗ SU(2)⊗U(1)⊗ SU(3)⊗U(1)↓
SO(1, 3) ⊗ SU(2)⊗U(1)⊗ SU(3)
This break of symmetries leads to the scheme of the running coupling constants[15],
presented on the figure. It is worthwhile to notice that all the running coupling
constants meet and run then together without additional degrees of freedom.
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Fig. 1.1. We found the running coupling constants, extrapolated from the experimen-
tal values by the assumption that the gauge group SO(4) breaks at much lower scale
(at around 1013 GeV) than the gauge group SO(6) (which breaks at around 1017 GeV).
The SU(2) gauge group coupling constant does not change when running together with
(αU(1),SO(4))
−1 . The three α’s meet and then run together as SO(1, 13) (rather SO(10)).
1.5 Mass matrices predicted by the approach unifying spins
and charges
Let us assume that the break of symmetries appeared in away that only terms like
ψ+S08(Sstfσ8ωstσ+ S˜
mnfσ8 ω˜mnσ+ S˜
stfσ8 ω˜stσ)ψ appear in the Lagrange density,
with s, t and σ ∈ 5, 6, 7, 8 andm,n equal 0, 1, 2, 3. Then there are only four fami-
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lies which are measurable at low energies, namely
03
(+i)
12
(+)
56
(+)
78
(+)
03
[+i]
12
[+]
56
(+)
78
(+)
03
(+i)
12
(+)
56
[+]
78
[+]
03
[+i]
12
[+]
56
[+]
78
[+] . (1.15)
while they all have the same SO(6) segment (like
9 10
(+)]
11 12
(−)
13 14
(−) for the right han-
ded quark of the SU(3) charge (1/2), (1/2
√
3), or
9 10
(+)]
11 12
[+]
13 14
[+] for the abovemen-
tioned right handed neutrino).
Let us write down formally the matrix ellements determining the mass ma-
trices as follows
Mαij =< ψαiL|Yα
ij|ψαjR >, (1.16)
where Yijα stays for all the operators and the corresponding gauge fields, which
are in Eq.(1.14) responsible for the transitions from the right handed SU(2) charge-
less spinor of a type α to a left handed weak charged spinor of a type α and i, j
denote a family. Let Sα be the unitary matrix which diagonalizes the mass matrix
of the type α.
To manifest the symmetry, suggested by the approach, let us denote by Aα
the matrix element for the transition from a right handed weak chargeless spinor
of type α = u, d, e, ν to the left handed weak charged spinor (these transitions
occur within one family and are caused by the second term −γ0γ8τAiAAiσ f
σ
8 )
of Eq.(1.14 ), by Bα the matrix element causing the transition, in which
03
(+i)
12
(+)
changes to
03
[+i]
12
[+] or opposite (such are transitions between the first and the
second family or transitions between the third family and the fourth family of
Eq.(1.15) caused by S˜mm
′
fσ8 ω˜mm ′σ withm,m
′ = 0, 1, 2, 3 ), by Cα the matrix el-
ement causing the transition in which
56
(i)
78
(+) changes to
56
[+]
78
[+] or opposite (such
are transitions between the first and the third family or transitions between the
second and the fourth family of Eq.(1.15) caused by S˜st
′
fσ8 ω˜stσwith s, t = 5,6,7,8)
and by Dα transitions in which all four factors change, that is the transitions, in
which
03
(+i)
12
(+) changes to
03
[+i]
12
[+] or opposite and
56
(+i)
78
(+) changes to
56
[+]
78
[+] or op-
posite (such are transitions between the first and the fourth family or transitions
between the second and the third family of Eq.(1.15)) and if we further assume
that the elements are real numbers, we find the following mass matrixM


Aα Bα Cα Dα
Bα Aα Dα Cα
Cα Dα Aα Bα
Dα Cα Bα Aα

 .
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Since u, d, ν, e have different values for the quantum numbers τAi, one expects
even on a ”tree level” different values for matrix elements Aα, Bα, Cα, Dα. To
evaluate the matrix elements Aα, Bα, Cα, Dα one should make a precise model,
which would take into account not only that matrix elements within one family
depend on quantum numbers of the members of the family on ”a tree level”, but
also on next orders , as well as on the way how symmetries are broken.
One notices, that the mass matrices have the symmetry(
X Y
Y X
)
,
which makes the diagonalization of the mass matrix of Eq.(1.5) simple. We find
immediatelly that
λα1 = Aα − Bα − Cα +Dα,
λα2 = Aα − Bα + Cα −Dα,
λα3 = Aα + Bα − Cα −Dα,
λα4 = Aα + Bα + Cα +Dα. (1.17)
We see that a ”democratic” matrix with Aα = Bα = Cα = Dα (ref.[20]) leads to
λα1 = λα2 = λα3 = 0, λα4 = 4Aα. The diagonal matrix leads to four equal values
λαi = Aα. One could expect that the break of symmetries of the group SO(1, 13)
down to SO(1, 3), SU(3) andU(1)will lead to something in between. If we fit λαi
with the masses of familiesmαi, with α = u, d, ν, e and i is the number of family,
we find
Aα = {(mα4 +mα3) + (mα2 +mα1)}/4,
Bα = {(mα4 +mα3) − (mα2 −mα1)}/4,
Cα = {(mα4 −mα3) + (mα2 −mα1)}/4,
Dα = {(mα4 −mα3) − (mα2 −mα1)}/4. (1.18)
For the masses of quarks and leptons to agree with the experimentally deter-
mined mui/GeV = 0.0004, 1.4, 180, 285(215) and mdi/GeV = 0.009, 0.2, 6.3,
215(285) for quarks, andmei/GeV = 0.0005, 0.105, 1.78, 100 andmνi/GeV let say
1.10−11, 2.10−11, 6.10−11 and 50 for leptons, which would agree also with what
Okun and coauthors[18] have found as possible values for masses of the fourth
family, we find
Au = 116.601 Bu = 115.899 Cu = 26.599 Du = 25.901
(A ′u = 99.101 B
′
u = 98.399 C
′
u = 9.099 D
′
u = 8.401)
Ad = 55.377 Bd = 55.2728 Cd = 52.223 Dd = 52.127
(A ′d = 72.877 B
′
d = 72.773 C
′
d = 69.723 D
′
d = 69.627)
Ae = 25.471 Be = 25.419 Ce = 24.581 De = 24.529
Aν = 12.5 Bν = 12.5 Cν = 12.5 Dν = 12.5.
(1.19)
Values for matrix elements in the parentheses correspond to the values of masses
of quarks in the parentheses. The mass matrices are for leptons and even for d
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quarks very close to a ”democratic” one. One could also notice that for quarks
Aα are roughly proportional to the charge Y.
The unitary transformations Sα diagonalizing the mass matricesMα
Sα+MαSα = λα, (1.20)
where λα is a diagonal matrix, are due to the symmetry of Eq.(1.5), four two by
two matrices of the type (
I cosϕ −I sinϕ
I sinϕ cosϕI,
)
(1.21)
with ϕ equal to π/4 and lead to two two by two off diagonal matrices, which
again can be diagonalized with the same type of matrices of Eq.1.21, again with
the ϕ equal to π/4, independently of of matrix elements. Accordingly, the mixing
matrix (the ”CKM” matrix for four families) is the identity
Vαβ = S
α+Sβ = I. (1.22)
We can conclude, that the symmetries, suggested by the approach, advise
that i) the four by fourmass matrices first split into two by two off diagonalmatri-
ces (splitting four families into two families), ii) and that the symmetry of Eq.(1.5)
should be only approximate, since the deviation from this symmetry makes the
mixing matrix different from the identity.
1.6 Study of approximate symmetries of mass matrices
We start with a mass matrix with symmetries, suggested by the approach, unify-
ing spins and charges. We do not treat discrete symmetries, like the parity (P) and
the charge conjugation (P) and will not accordingly pay attention on non conser-
vation of the (CP) symmetry, assuming that the break of (CP) symmetry is a small
effect and can accordingly be neglected in this study, which concerns the masses
and the mixing angles only. Since the symmetries, presented in Eq.(1.5), lead to
the mixing matrix which is unity, it is obvious that the mass matrices, determined
by the operators of Eq.(1.14), should in the realistic case deviate from the type
suggested by the Eq.(1.5). We expect, that the Yukawa terms from Eq.(1.14), if
gauge fields would appropriately be chosen, will demonstrate a weak break of
this symmetry. We shall not in this work proceed this way. We shall rather re-
spect the suggested symmetries as much as possible, trying to extract out of it,
when taking into account the experimental data, as much as possible with the
smallest number of fitted parameters.
We therefore assume
i) four families of spinors,
ii) symmetries, which suggest that four families manifest the natural break
into two by two families,
iii) the mass matrices to be closed to the ”democratic” ones,
iv) small deviations from the above symmetries to determine both: the mix-
ing matrix and teh (nonzero) masses of the first three generations and
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v) the mass matrices to be real.
Accordingly the mass matrices should be diagonalizable in a two step pro-
cess as follows
Λ = S2TS1TMS1S2, (1.23)
with
S1 (ϕ) =
(
I2x2 cosϕ I2x2 sinϕ
−I2x2 sinϕ I2x2 cosϕ
)
S2
(
ϕa, ϕb
)
=
(
s2 (ϕa) 0
0 s2
(
ϕb
))
s2 (ϕ) =
(
cosϕ sinϕ
− sinφ cosφ
)
I2x2 =
(
1 0
0 1
)
. (1.24)
The above requirement leads to the following mass matrix
M =
(
X Y
Y X+ αY
)
, (1.25)
with the two matrices X and Y which are symmetric and real and with α, which
is a small real number. We expect again that the two matrices X and Y are very
close to each other and that each of them are of the same shape as the matrix of
Eq.(1.25)
X =
(
a b
b a+ βb
)
, (1.26)
where β again is a small real number. One can then easily show, that the sug-
gested shape of the matrices easily lead to two families of spinors, which have
the desired properties with respect to measured masses of quarks and leptons.
The question then arises, how many different parameters are enough to repro-
duce also the up to now measured mixing matrices of three families and which
predictions then comes out for masses of the fourth families and for the not yet
measured (or badly measured) matrix elements of the mixing matrices.
1.6.1 Properties of mass matrices and mixing matrices of four families of
spinors
We treat properties of the mixing matrices and masses which follow from our
choice of symmetries, discussed above, in details. We may write the mixing ma-
trix as follows
Vαβ = S
†
αSβ = (1.27)
= S2Tα S
1T
α S
1
βS
2
β = (1.28)
=
(
Uαβ Vαβ
Wαβ Zαβ
)
(1.29)
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with Uαβ, Vαβ,Wαβ and Zαβ expressed with the angles as follows
Uαβ = cos (ϕαβ)
(
cos
(
ϕaaαβ
)
− sin
(
ϕaaαβ
)
sin
(
ϕaaαβ
)
cos
(
ϕaaαβ
) ) (1.30)
Vαβ = sin (ϕαβ)
(
− cos
(
ϕabαβ
)
sin
(
ϕabαβ
)
− sin
(
ϕabαβ
)
− cos
(
ϕabαβ
)) (1.31)
Wαβ = sin (ϕαβ)
(
cos
(
ϕabβα
)
sin
(
ϕabβα
)
− sin
(
ϕabβα
)
cos
(
ϕabβα
)) (1.32)
Zαβ = cos (ϕαβ)
(
cos
(
ϕbbαβ
)
− sin
(
ϕbbαβ
)
sin
(
ϕbbαβ
)
cos
(
ϕbbαβ
) ) (1.33)
whereϕabαβ = ϕ
a
α−ϕ
b
β, since in the mixing matrix only the differences of the
angles, which are responsible for the diagonalization of the mass matrices enter.
It correspondingly follows
Vαβ =

c (ϕαβ) c
(
ϕaaαβ
)
−c (ϕαβ) s
(
ϕaaαβ
)
−s (ϕαβ) c
(
ϕabαβ
)
s (ϕαβ) s
(
ϕabαβ
)
c (ϕαβ) s
(
ϕaaαβ
)
c (ϕαβ) c
(
ϕaaαβ
)
−s (ϕαβ) s
(
ϕabαβ
)
−s (ϕαβ) c
(
ϕabαβ
)
s (ϕαβ) c
(
ϕabβα
)
s (ϕαβ) s
(
ϕabβα
)
c (ϕαβ) c
(
ϕbbαβ
)
−c (ϕαβ) s
(
ϕbbαβ
)
−s (ϕαβ) s
(
ϕabβα
)
s (ϕαβ) c
(
ϕabβα
)
c (ϕαβ) s
(
ϕbbαβ
)
c (ϕαβ) c
(
ϕbbαβ
)

 ,
(1.34)
One notices that when ϕαβ is close to nπ, with n an integer, the matrix ele-
ments, which connect the third and the fourth family with the first two (or oppo-
site) are much smaller then the matrix elements, connecting the members within
the first two orwithin the last two families.While ifϕαβ is close to nπ/2 the situa-
tion is reversed. The assumption, that the symmetries, suggested by the approach
unifying spins and charges, should be respected as much as possible (Eq.(1.25)),
limits the number of free parameters in themassmatrices. Accordingly, themodel
allows at most 5mixing angles and 2 × 4 masses, all together 13 free parameters
for quarks and the same number of parameters for leptons, with which it should
then be possible to describe 2× four masses of quarks and 2× four masses of lep-
tons together with 2× 4(4−1)
2
= 2 × 6 members of the mixing matrices, that is 14
measurable (but not yet measured) quantities for quarks and the same number
for leptons.
The mixing matrix, which corresponds to two step diagonalization of α and
β mass matrices, has five angles as free parameters, as we have seen above. To
reduce further the number of free parameters, let us remind the reader that the
(approximate) symmetry suggested by the approach unifying spins and charges,
lead to the angles ϕα, ϕ
a
α and ϕ
b
α which all are equal to π/4. It seems straight-
forward to assume in the first approximation that each of the transformation Sα
(α = u, d in this particular case) contribute the same ammount to the mixing
angles. This assumtion then further reduces the number of angles of the mixing
matrix to only three, we call them ϕ,ϕa and ϕb. Then we have antisymmetric
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mixing matrix of the following form
Vud =


c (ϕ) c (ϕa) −c (ϕ) s (ϕ) −s (ϕ) c
(
ϕab
)
s (ϕ) s
(
ϕab
)
c (ϕ) s (ϕa) c (ϕ) c (ϕa) −s (ϕ) s
(
ϕab
)
−s (ϕ) c
(
ϕab
)
s (ϕ) c
(
ϕab
)
s (ϕ) s
(
ϕab
)
c (ϕ) c
(
ϕb
)
−c (ϕ) s
(
ϕb
)
−s (ϕ) s
(
ϕab
)
s (ϕ) c
(
ϕab
)
c (ϕ) s
(
ϕb
)
c (ϕ) c
(
ϕb
)

 , (1.35)
with ϕab = (ϕa +ϕb)/2 = −ϕba.
If we fit these tree angles by the measuredmixing matrix elements, the rest of
the matrix elements for the four families are within our model uniquely (within
measuring errors) determined.
It rests then to determine the two quark masses of the fourth family. At the
same time the whole mass matrices for u and d follow. Since the mass matrices
are only measured in the diagonal form, the number of free parameters is still too
large, so that the model would predict the two masses.
One further assumption, which requires that the matrix elements of the mass
matrix are equal (which would in the simplified model of Eq.(1.18) mean that
B = D), reduces the whole number of free parameters of the model to 10 and
accordingly the fourth quarks masses can be predicted.
Since the three mixing angles can only approximately be determined, due to
experimental errors, we used the Monte-Carlo method to find the best fit.
1.7 Results and conclusions
In this work we study the propreties of the mixing matrices and the mass ma-
trices for four generations of quarks and leptons. We followed the suggestions,
which the approach unifying spins and charges offers for these properties. This
approach namely offers the mechanism for generating families, as well as the
operators accompanied by the corresponding gauge fields, which cause transi-
tions from right handed weak chargeless quarks and leptons to left handed weak
charged quarks and leptons, just as the Standard electroweak model postulates
and makes the realization of by ”dressing” the right handed fermions with the
Higgs field.
The most symmetric mass matrices - the ”democratic” ones or even the less
symmetric ones from Eq.(1.5) lead to the mixing matrix, which is unity. It means
accordingly, that the non unity mixing matrices between the fermions of different
flavour may be due to small deviations from the (by the approach unifying spins
and charges) suggested approximate symmetry of Eq.(1.5). To keep the symmetry
that the four by four mass matrices first split into the two by two off diagonal
matrices (demonstrating the split of four families into two families), we have to
require the mass matrix of Eq.(1.25).
We neglect small effects as it is the nonconservation of the (CP) symmetry
and accordingly work with only real matrix elements of mass matrices. We treat
in this work only quarks. Since we assume that both u and d quarks are equally
”responsible” for the effect, that the mixing matrix is not just the unity, we end
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up with 3 free parameters for the antisymmetric mixing matrix, which then, tak-
ing into account the measured values of the matrix elements, predicts the whole
mixing matrix

0.9730 − 0.9746 0.2174 − 0.2241 0.0030 − 0.0044 0.039− 0.044
0.213 − 0.226 0.968 − 0.975 0.039 − 0.044 0.0030− 0.0044
0− 0.08 0− 0.11 0.900− 0.935 0.350− 0.434
0.039− 0.044 0.0030− 0.0044 0.350− 0.434 0.900− 0.935


We predict in addition the u quark mass of the fourth family.We find (prelim-
inarily) for the mass of the fourth u quark the value mu4 = (210.5 ± 11.5) GeV.
The work is in progress.
Acknowledgments
Wewould like to expressmany thanks toMinistry of education, Science and sport
for the grant. It is a pleasure to thank all the participants of the seventh workshop
What comes beyond the Standard model at Bled, July 2004 for fruitful discus-
sions.
References
1. N. S. Mankocˇ Borsˇtnik,“Spin connection as a superpartner of a vielbein” Phys. Lett. B
292, 25-29 (1992).
2. N. S. Mankocˇ Borsˇtnik, “Spinor and vector representations in four dimensional
Grassmann space”, J. Math. Phys. 34, 3731-3745 (1993).
3. N. Mankocˇ Borsˇtnik, ”Poincare´ algebra in ordinary and Grassmann space and super-
symmetry”, J. Math. Phys. 36, 1593-1601(1994),
4. N. S. Mankocˇ Borsˇtnik, ”Unification of spins and charegs inGrassmann space?”,Mod-
ern Phys. Lett. A 10, 587-595 (1995),
5. N. S. Mankocˇ Borsˇtnik, H. B. Nielsen, ”Dirac-Ka¨hler approach conneceted to quan-
tum mechanics in Grassmann space”, Phys. Rev. 62 (04010-14) (2000),
6. N. S. Mankocˇ Borsˇtnik and S. Fajfer, ”Spins and charges, the algebra and subalgebra
of the group SO(1,14) and Grassmann space, N. Cimento 112B, 1637-1665(1997).
7. A. Borsˇtnik, N. S. Mankocˇ Borsˇtnik, “Are Spins and Charges Unified? How Can One
Otherwise Understand Connection Between Handedness (Spin) andWeak Charge?”,
Proceedings to the International Workshop on “What Comes Beyond the Standard Model,
Bled, Slovenia, 29 June-9 July 1998, Ed. by N. Mankocˇ Borsˇtnik, H. B. Nielsen, C. Frog-
gatt, DMFA Zalozˇnisˇtvo 1999, p.52-57, hep-ph/9905357.
8. A. Borsˇtnik, N. S. Mankocˇ Borsˇtnik, “Weyl spinor of SO(1,13), families of spinors of
the Standard model and their masses”, Proceedings to the International Workshop on
“What Comes Beyond the Standard Model”, Bled 2000,2001,2002 Volume 2, Ed. by N.
Mankocˇ Borsˇtnik, H. B. Nielsen, C. Froggatt, Dragan Lukman, DMFA Zalozˇnisˇtvo
2002, p.27-51, hep-ph/0301029, and the paper in preparation.
9. A. Borsˇtnik, N. S. Mankocˇ Borsˇtnik, “The approach unifying spins and charges in
and its predictions”, Proceedings to the Euroconference on Symmetries Beyond the Stan-
dard Model, Portorozˇ, July 12-17, 2003, Ed. by N. Mankocˇ Borsˇtnik, H. B. Nielsen,
C. Froggatt, Dragan Lukman, DMFA Zalozˇnisˇtvo 2003, p.27-51, hep-ph/0401043,
hep-ph/0401055, hep-ph/0301029.
16 M. Breskvar, J. Mravlje, N.Mankocˇ Borsˇtnik
10. N. S. Mankocˇ Borsˇtnik, “Unification of spins and charges”, Int. J. Theor. Phys. 40, 315-
337 (2001) and references therein.
11. B. Gornik, and N. S. Mankocˇ Borsˇtnik, “Linear equations of motion for massless par-
ticles of any spin in any even-dimensional spaces”, hep-th/0102067, hep-th/ 0102008
(2001).
12. N. S. Mankocˇ Borsˇtnik, H. B. Nielsen, “The internal space is making the choice of the
signature of space-time”, in preparation.
13. N. S. Mankocˇ Borsˇtnik, H. B. Nielsen, “How to generate spinor representations in any
dimension in terms of projection operators, accepted in J. of Math. Phys. 43, 5782-
5803, hep-th/0111257.
14. N. S. Mankocˇ Borsˇtnik, H. B. Nielsen, “Why Nature has made a choice of one time
and three space coordinates?, hep-ph/0108269, J.Phys.A:Math.Gen. 35 2002,in print.
15. N. S. Mankocˇ Borsˇtnik, H. B. Nielsen, “Coupling constant unification in spin-charge
unifying model agreeing with proton decay measurement“, in preparation.
16. H. Georgi Lie algebras in particle physics (The Benjamin/cummings, London 1982).
17. N. S. Mankocˇ Borsˇtnik, H. B. Nielsen, “ How to generate families of spinors”, J. of
Math. Phys. 44 (2003) 4817-4827, hep-th/0303224.
18. V.A. Novikov, L.B. Okun,A.N. Royanov, M.I. Vysotsky, “Extra generations and dis-
crepancies of electroweak precision data”, hep-ph/0111028.
19. A. Kleppe, D. Lukman, N.S. Mankocˇ Borsˇtnik, ”About families of quarks and lep-
tons”, in this Proceedings.
20. H. Fritsch, Phys. Lett.73 B,317 (1978).
21. S. Eidelman et al. Phys. Lett. 592 B, 1 (2004).
BLED WORKSHOPS
IN PHYSICS
VOL. 5, NO. 2
Proceedings to the 7th Workshop
What Comes Beyond . . . (p. 17)
Bled, Slovenia, July 19-31, 2004
2 No–scale Supergravity and the Multiple Point
Principle
C.Froggatt1, L.Laperashvili2, R.Nevzorov3,2, H.B.Nielsen4
1 Department of Physics and Astronomy, Glasgow University, Scotland
2 Theory Department, ITEP, Moscow, Russia
3 School of Physics and Astronomy, University of Southampton, UK
4 The Niels Bohr Institute, Copenhagen, Denmark
Abstract. We review symmetries protecting a zero value for the cosmological constant
in no–scale supergravity and reveal the connection between the Multiple Point Principle,
no–scale and superstring inspired models.
2.1 Introduction
Nowadays the existence of a tiny energy density spread all over the Universe
(the cosmological constant), which is responsible for its accelerated expansion,
provides the most challenging problem for modern particle physics. A fit to the
recent data shows that Λ ∼ 10−123M4Pl ∼ 10
−55M4Z [1]. At the same time the
presence of a gluon condensate in the vacuum is expected to contribute an en-
ergy density of order Λ4QCD ≃ 10−74M4Pl. On the other hand if we believe in the
Standard Model (SM) then a much larger contribution ∼ v4 ≃ 10−62M4Pl must
come from the electroweak symmetry breaking. The contribution of zero–modes
is expected to push the vacuum energy density even higher up to ∼ M4Pl. Thus, in
order to reproduce the observed value of the cosmological constant, an enormous
cancellation between the various contributions is required. Therefore the small-
ness of the cosmological constant should be considered as a fine-tuning problem.
For its solution new theoretical ideas must be employed.
Unfortunately the cosmological constant problem can not be resolved in any
available generalization of the SM. An exact global supersymmetry (SUSY) en-
sures zero value for the vacuum energy density. But in the exact SUSY limit
bosons and fermions from one chiral multiplet get the same mass. Soft super-
symmetry breaking, which guarantees the absence of superpartners of observ-
able fermions in the 100GeV range, does not protect the cosmological constant
from an electroweak scale mass and the fine-tuning problem is re-introduced.
It was argued many years ago that soft breaking of global supersymmetry at
low energies could be consistent with a zero value for the cosmological constant
in the framework ofN = 1 supergravity (SUGRA)models [2]. Moreover there is a
class of models (so called no–scale supergravity) where the vacuum energy den-
sity vanishes automatically [3]. It happens because no–scale models possess an
enlarged global symmetry. Even after breaking, this symmetry still protects zero
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vacuum energy density at the tree level. All vacua in the no–scale models are de-
generate, which provides a link between no–scale supergravity and the Multiple
Point Principle (MPP) [4]. MPP postulates that in Nature as many phases as pos-
sible, which are allowed by the underlying theory, should coexist. On the phase
diagram of the theory it corresponds to the special point – the multiple point –
where many phases meet. According to the MPP, the vacuum energy densities of
these different phases are degenerate at the multiple point.
This article is organized as follows: in section 2 we describe the structure of
(N = 1) SUGRA models; in section 3 we study symmetries protecting the zero
value of the cosmological constant in the no-scale models ignoring the superpo-
tential; the no–scale models with a non–trivial superpotential are considered in
section 4. The connection between the MPP, no–scale and superstring inspired
models is discussed in section 5.
2.2 N = 1 supergravity
The full N = 1 SUGRA Lagrangian (see [3],[5]) is specified in terms of an ana-
lytic gauge kinetic function fa(φM) and a real gauge-invariant Ka¨hler function
G(φM, φ¯M), which depend on the chiral superfields φM. The function fa(φM)
determines the kinetic terms for the fields in the vector supermultiplets and the
gauge coupling constants Refa(φM) = 1/g
2
a, where the index a designates differ-
ent gauge groups. The Ka¨hler function is a combination of two functions
G(φM, φ¯M) = K(φM, φ¯M) + ln |W(φM)|
2 , (2.1)
where K(φM, φ¯M) is the Ka¨hler potential whose second derivatives define the
kinetic terms for the fields in the chiral supermultiplets.W(φM) is the complete
analytic superpotential of the considered SUSY model. In this article standard
supergravity mass units are used:
MPl√
8π
= 1.
The SUGRA scalar potential can be presented as a sum of F– and D–terms
V = VF + VD, where the F–part is given by [3],[5]
VF(φM, φ¯M) = e
G
(∑
M,N¯
GMG
MN¯GN¯ − 3
)
,
GM ≡ ∂MG ≡ ∂G/∂φM, GM¯ ≡ ∂M¯G ≡ ∂G/∂φ∗M ,
GN¯M ≡ ∂N¯∂MG = ∂N¯∂MK ≡ KN¯M .
(2.2)
The matrixGMN¯ is the inverse of the Ka¨hler metric KN¯M. In order to break super-
symmetry in (N = 1) SUGRA models, a hidden sector is introduced. It contains
superfields (hm), which are singlets under the SM SU(3) × SU(2) × U(1) gauge
group. If, at the minimum of the scalar potential (2.2), hidden sector fields acquire
vacuum expectation values so that at least one of their auxiliary fields
FM = eG/2
∑
P¯
GMP¯GP¯ (2.3)
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is non-vanishing, then local SUSY is spontaneously broken. At the same time a
massless fermion with spin 1/2 – the goldstino – is swallowed by the gravitino
which becomes massivem3/2 =< e
G/2 >. This phenomenon is called the super-
Higgs effect.
It is assumed that the superfields of the hidden sector interact with the ob-
servable ones only by means of gravity. Therefore they are decoupled from the
low energy theory; the only signal they produce is a set of terms that break the
global supersymmetry of the low-energy effective Lagrangian of the observable
sector in a soft way. The size of all soft SUSY breaking terms is characterized by
the gravitino mass scalem3/2.
In principle the cosmological constant in SUGRA models tends to be huge
and negative. To show this, let us suppose that, the Ka¨hler function has a station-
ary point, where all derivatives GM = 0. Then it is easy to check that this point is
also an extremum of the SUGRA scalar potential. In the vicinity of this point local
supersymmetry remains intact while the energy density is −3 < eG >, which im-
plies the vacuum energy density must be less than or equal to this value. In gen-
eral enormous fine-tuning is required to keep the cosmological constant around
its observed value in supergravity theories.
2.3 SU(1, 1) and SU(n, 1) symmetries in the no–scale models
We know that the smallness of the parameters in a physical theory can usually be
related to an almost exact symmetry. Since the cosmological constant is extremely
tiny, one naturally looks for a symmetry reason to guarantee its smallness in su-
pergravity. In the simple case when there is only one singlet chiral multiplet z^,
the scalar potential can be written as
V(z, z¯) = 9e4G/3Gzz¯
(
∂z∂z¯e
−G/3
)
. (2.4)
In order that the vacuum energy density of V(z, z¯) should vanish, we must either
choose some parameters inside G to be fine–tuned or, alternatively, demand that
the Ka¨hler function G satisfies the differential equation ∂z∂z¯e
−G/3 = 0, whose
solution is [6]:
G = −3 ln (f(z) + f∗(z¯)) . (2.5)
For the Ka¨hler function given by Eq. (2.5), fine–tuning is no longer needed for the
vanishing of the vacuum energy, since the scalar potential is flat and vanishes at
any point z. The kinetic term for the field z is then given by
Lkin =
3∂zf(z)∂z¯f
∗(z¯)
(f(z) + f∗(z¯))2
|∂µz|
2
=
3 |∂µf(z)|
2
(f(z) + f∗(z¯))2
. (2.6)
As follows from Eq. (2.6), Lkin can be rewritten so that only the field T = f(z)
appears in the kinetic term. Actually this holds for the whole Lagrangian. The
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considered theory depends only on the field T and all theories obtained by the
replacement T = f(z) are equivalent.
One expects that such a theory with a completely flat potential possesses
an enlarged symmetry. For the case T = (z + 1)/(z − 1) the scalar kinetic term
becomes
Lkin =
3|∂µz|
2
(|z|2 − 1)2
which is evidently invariant under the following set of transformations:
z→ az+ b
b∗z+ a∗
. (2.7)
The set of transformations (2.7) forms the group SU(1, 1), which is non–compact
and characterized by the parameters a and b which obey |a|2 − |b|2 = 1. Hence
SU(1, 1) is a three–dimensional group. Transformations of SU(1, 1) are defined by
2× 2matrices
U =
(
a b
b∗ a∗
)
,
which can also be written in the form [7]
U = exp
{
i
ω0
2
σ3 + i
ω∗
2
σ− − i
ω
2
σ+
}
, σ± = (σ1 ± iσ2)/2 (2.8)
Here ω0 is a real parameter and σ1,2,3 are the conventional Pauli matrices. The
matrices U acting on the space
(
x
y
)
leave the element |x|2 − |y|2 invariant, in
contrast with the SU(2) groupwherewe have invariance of the element |x|2+|y|2 .
The SU(1, 1) transformations of the field variable T are
T → (αT + iβ)
(iγT + δ)
αδ+ βγ = 1 ,
where α, β, γ and δ are real parameters.
The group SU(1, 1) contains the following subgroups [8]:
i) Imaginary translations: T → T + iβ;
ii) Dilatations: T → α2T ;
iii) Conformal transformations: T → cosθT + i sinθ
i sinθT + cosθ
.
(2.9)
The Ka¨hler function (2.5) is invariant under the first set of transformations, but
not under dilatations and conformal transformations. The gravitino mass term
in the SUGRA Lagrangian, which appears when SUSY is broken, results in the
breaking of SU(1, 1) → Ua(1), where Ua(1) is a subgroup of imaginary transla-
tions. One can wonder whether SU(1, 1) invariance implies a flat potential. The
invariance of the scalar potential with respect to imaginary translations implies
that V(z, z¯) is a function of the sum z + z¯. At the same time the invariance under
dilatation forces V(z, z¯) to depend only on the ratio z/z¯. These two conditions
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are incompatible unless V(z, z¯) is a constant. Moreover the SU(1, 1) invariance
requires this constant to be zero [8]. In order to get a flat non–zero potential in
SUGRA models, one should break SU(1, 1). The SU(1, 1) structure of the N = 1
SUGRA Lagrangian can have its roots in supergravity theories with extended su-
persymmetry (N = 4 orN = 8) [3].
Let us consider a SUGRA model in which there are n chiral multiplets z and
ϕi, i = 1, 2, ...n− 1, where z is a singlet field while ϕi are non–singlets under the
gauge group. If the Ka¨hler function has the form
G = −3 ln (f(z) + f∗(z¯) + g(ϕi, ϕ¯i)) , (2.10)
then the F–part of the scalar potential vanishes and only D–terms give a non–zero
contribution, so that
V =
1
2
∑
a
(Da)2 , Da = ga
∑
i, j
(
GiT
a
ijϕj
)
, (2.11)
where ga is the gauge coupling constant associated with the generator Ta of the
gauge transformations. Owing to the particular form of the Ka¨hler function (2.10),
the scalar potential (2.11) is positive definite. Its minimum is attained at the points
for which < Da >= 0 and the vacuum energy density vanishes [9].
In the case when g(ϕi, ϕ¯i) = −
∑
iϕiϕ¯i, the kinetic terms of the scalar fields
are invariant under the isometric transformations of the non–compact SU(n, 1)
group [9]. The manifestation of the extended global symmetry of Lkin can be
clearly seen, if one uses new field variables yi, i=0,1,...n-1, related to f(z) and ϕi
by
f(z) =
1− y0
2(1 + y0)
, ϕi =
yi
1+ y0
.
Then the Ka¨hler function takes the form
G = −3 ln
(
1−
n−1∑
i=0
yiy¯i
)
+ 3 ln |1+ y0|
2 ,
from which it follows that the kinetic terms of the scalar fields are
Lkin =
∑
j
3∂µyj∂µy¯j
(1−
∑
i yiy¯i)
2
. (2.12)
In particular the kinetic terms (2.12) remain intact if
yi → aiyi + bi
b∗iyi + a
∗
i
; yj → yj
b∗iyi + a
∗
i
for i 6= j , (2.13)
where |ai|
2 − |bi|
2 = 1. The SU(n, 1) symmetry implies a zero contribution of the
F–terms to the potential, which protects the vacuum energy density.
The SU(n, 1) symmetry can be derived from an extended (N ≥ 5) supergrav-
ity theory [10]. This symmetry is broken by the gauge interactions (D–terms) in
N = 1 supergravity models, leaving only an SU(1, 1) symmetry. In terms of the
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symmetry transformations (2.13), the kinetic terms and scalar potential are still
invariant with respect to the replacement
y0 → a0y0 + b0
b∗0y0 + a
∗
0
; yi → yi
b∗0y0 + a
∗
0
for i 6= 0 . (2.14)
The gravitino mass breaks SU(1, 1) further to Ua(1), since the Ka¨hler function
(2.10) is not invariant under the dilatation subgroup.
2.4 No–scale models with nontrivial superpotential and MPP
The introduction of the superpotential complicates the analysis. Suppose that the
Ka¨hler potential K of the model is given by Eq. (2.10) and the superpotential does
not depend on the singlet superfield z. Then one can define the vector αi
αi = e
−K/3
[
1
3
Fi(ϕα) −
3+
∑
j gj¯(ϕα, ϕ¯α)Fj(ϕα)
3|∂zf(z)|2
fi(z)
]
, (2.15)
where F(ϕα) = lnW(ϕα) and the indices i and j on the functions f(z), g(ϕα, ϕ¯α)
and F(ϕα) denote the derivatives with respect to z andϕα. The vector αi satisfies
the following property ∑
j
Gij¯αj = Gi
from which one deduces that∑
i, k
GiG
ik¯Gk¯ =
∑
k
αkGk¯ . (2.16)
As a result the scalar potential takes the form
V =
1
3
e2K/3
∑
α
∣∣∣∣∂W(ϕα)∂ϕα
∣∣∣∣
2
+
1
2
∑
a
(Da)2 . (2.17)
The potential (2.17) leads to a supersymmetric particle spectrum at low energies.
It is positive definite and its minimum is reached when
〈
∂W(ϕα)
∂ϕα
〉
=< Da >=
0, so that the cosmological constant goes to zero.
It is interesting to investigate what kind of symmetries protect the cosmolog-
ical constant when W(z,ϕα) 6= const. As discussed above, it is natural to seek
such symmetries within the subgroups of SU(1, 1). The invariance of the Ka¨hler
function under the imaginary translations of the hidden sector superfields
zi → zi + iβi ; ϕα → ϕα (2.18)
implies that the Ka¨hler potential depends only on zi+z¯i, while the superpotential
is given by
W(zi, ϕα) = exp
{
m∑
i=1
aizi
}
W˜(ϕα) , (2.19)
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where ai are real. Here we assume that the hidden sector involves m singlet su-
perfields. Since G(φM, φ¯M) does not change if{
K(φM, φ¯M)→ K(φM, φ¯M) − g(φM) − g∗(φ¯M) ,
W(φM)→ eg(φM)W(φM) .
the most general Ka¨hler function can be written as
G(φM, φ¯M) = K(zi + z¯i, ϕα, ϕ¯α) + ln |W(ϕα)| , (2.20)
whereW(ϕα) = W˜(ϕα).
The dilatation invariance constrains the Ka¨hler potential and superpotential
further. Suppose that hidden and observable superfields transform differently
zi → αkzi , ϕσ → αϕσ . (2.21)
Then the superpotentialW(ϕα) may contain either bilinear or trilinear terms in-
volving the chiral superfields ϕα but not both. Because in phenomenologically
acceptable theories the masses of the observable fermions are generated by trilin-
ear terms, all others should be omitted. If there is only one field T in the hidden
sector, then the Ka¨hler function is fixed uniquely by the gauge invariance and
symmetry transformations (2.18) and (2.21):
K(T + T¯ , ϕσ, ϕ¯σ) = −
6
k
ln(T + T¯) +
∑
σ
Cσ
|ϕσ|
2
(T + T¯)2/k
W(ϕα) =
∑
σ,β,γ
1
6
Yσβγϕσϕβϕγ ,
(2.22)
where Cσ and Yσβγ are constants. The scalar potential of the hidden sector in-
duced by the Ka¨hler function, with K andW given by Eq. (2.22), is
V(T + T¯) =
3
(T + T¯)6/k
[
2
k
− 1
]
and vanishes when k = 2. In this case the subgroups of SU(1, 1) — imaginary
translations and dilatations (T → α2T , ϕσ → αϕσ) — keep the value of the
cosmological constant equal to zero.
The invariance of the Ka¨hler function with respect to imaginary translations
and dilatations prevents the breaking of supersymmetry. In order to demonstrate
this, let us consider the SU(5) SUSY model with one field in the adjoint repre-
sentationΦ and with one singlet field S. The superpotential that preserves gauge
and global symmetries has the form
W(S,Φ) =
κ
3
S3 + λTrΦ3 + σSTrΦ2 . (2.23)
In the general case the minimum of the scalar potential, which is induced by the
superpotential (2.23), is attained when< S >=< Φ >= 0 and does not lead to the
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breaking of local supersymmetry or of gauge symmetry. But if κ = −40σ3/(3λ2)
there is a vacuum configuration
< Φ >=
Φ0√
15


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 −3/2 0
0 0 0 0 −3/2

 ,
< S >= S0 ,
Φ0 =
4
√
15σ
3λ
S0 ,
(2.24)
which breaks SU(5) down to SU(3) × SU(2) × U(1). However, along the valley
(2.24), the superpotential and all auxiliary fields Fi vanish preserving supersym-
metry and the zero value of the vacuum energy density.
In order to get a vacuum where local supersymmetry is broken, one should
violate dilatation invariance, allowing the appearance of the bilinear terms in the
superpotential of SUGRA models. Eliminating the singlet field from the consid-
ered SU(5) model and introducing a mass term for the adjoint representation, we
get
W(Φ) = MXTrΦ
2 + λTrΦ3 . (2.25)
In the resulting model, there are a few degenerate vacua with vanishing vacuum
energy density. For example, in the scalar potential there exists aminimumwhere
< Φ >= 0 and another vacuum, which has a configuration similar to Eq. (2.24)
but withΦ0 =
4
√
15
3λ
MX. In the first vacuum the SU(5) symmetry and local super-
symmetry remain intact, while in the second one the auxiliary field FT acquires a
vacuum expectation value and a non-zero gravitino mass is generated:
< |FT | > ≃
〈
|W(Φ)|
(T + T¯)1/2
〉
= m3/2(T + T¯) ,
m3/2 =
〈
|W(Φ)|
(T + T¯)3/2
〉
=
40
9
M3X
λ2(T + T¯)3/2
.
(2.26)
As a result, local supersymmetry and gauge symmetry are broken in the second
vacuum. However it does not break global supersymmetry in the observable sec-
tor at low energies (see Eq.(2.17)). When MX goes to zero the dilatation invari-
ance, SU(5) symmetry and local supersymmetry are restored.
A simple model with the superpotential (2.25) can serve as a basis for the
Multiple Point Principle (MPP) assumption in SUGRA models, which was for-
mulated recently in [11]. When applied to supergravity, MPP implies that the
scalar potential contains at least two degenerate minima. In one of them local
supersymmetry is broken in the hidden sector, inducing a set of soft SUSY break-
ing terms for the observable fields. In the other vacuum the low energy limit
of the considered theory is described by a pure supersymmetric model in flat
Minkowski space. Since the vacuum energy density of supersymmetric states in
flat Minkowski space is just zero, the cosmological constant problem is thereby
solved to first approximation by the MPP assumption. An important point is that
the vacua with broken and unbroken local supersymmetry are degenerate and
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have zero energy density in the model considered above. However, in the vac-
uum where local supersymmetry is broken, all soft SUSY breaking terms vanish
making this model irrelevant for phenomenological studies.
2.5 No–scale models and the superstring
The Ka¨hler function and the structure of the hidden sector should be fixed by an
underlying renormalizable or even finite theory. Nowadays the best candidate for
the ultimate theory is E8×E8 (ten dimensional) heterotic superstring theory [12].
The minimal possible SUSY–breaking sector in string models involves dilaton (S)
andmoduli (Tm) superfields. The number of moduli varies from one stringmodel
to another. But dilaton and moduli fields are always present in four–dimensional
heterotic superstrings, because S is relatedwith the gravitational sector while vac-
uum expectation values of Tm determine the size and shape of the compactified
space. Amongst the moduli Tm we concentrate here on the overall modulus T . In
this case Calabi–Yau and orbifold compactifications lead to rather similar results
for the Ka¨hler potential, superpotential and gauge kinetic functions at the tree
level:
K = − ln(S+ S¯) − 3 ln(T + T¯ ) +
∑
α(T + T¯)
nαϕαϕ¯α ,
W = W(ind)(S, T, ϕα) +
∑
σ,β,γ
1
6
Yσβγϕσϕβϕγ , fa = kaS ,
(2.27)
where ka is the Kac–Moody level of the gauge factor (k3 = k2 =
3
5
k1 = 1). In the
case of orbifold compactifications, the nα are negative integers sometimes called
modular weights of the matter fields. Orbifold models have a symmetry (“target–
space duality”) which is either the modular group SL(2,Z) or a subgroup of it.
Under SL(2,Z), the fields transform like
T → aT − ib
icT + d
, ad− bc = 1 a, b, c, d ∈ Z;
S→ S ; ϕα → (icT + d)nαϕα . (2.28)
In the large T limit of the Calabi–Yau compactifications, nα = −1 and the La-
grangian of the effective SUGRAmodels is also invariant with respect to the field
transformations (2.28) if nα = −1. So one can see that the form of the Ka¨hler
function is very close to the no–scale structure discussed in the previous sections.
In the classical limit W(ind)(S, T, ϕα) is absent. The superpotential of the
hidden sector and supersymmetric mass terms of the observable superfields may
be induced by non-perturbative corrections, which violate the invariance under
SL(2,Z) symmetry. In the gaugino condensation scenario for SUSY breaking, the
superpotential of the hidden sector takes the form:
W(S, T) ∼ exp {−3S/2bQ} , (2.29)
where bQ is the beta–function of the hidden sector gauge group. For an SU(N)
model without matter superfields bQ = 3N/(16π
2). Assuming that the superpo-
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tential does not depend on T , we get
V(S, T) =
1
(S+ S¯)(T + T¯)3
∣∣∣∣∂W(S)∂S − W(S)S+ S¯
∣∣∣∣
2
. (2.30)
The scalar potential (2.30) of the hidden sector is positive definite. All its vacua
are degenerate and have zero energy density. Among them there can be a min-
imum where the vacuum expectation value of the hidden sector superpotential
vanishes. It is easy to check that, in this vacuum, local supersymmetry remains
intact. In other vacua where < W(S) > 6= 0 local supersymmetry is broken, since
FT 6= 0. Thus the MPP conditions can be realized in superstring inspired models
as well.
But at low energies the SUGRA Lagrangian, corresponding to the Ka¨hler
function given by Eq. (2.27) with nα = −1 and a superpotential that does not de-
pend on the overall modulus T , exhibits structure inherent in global supersymme-
try. In order to destroy the degeneracy between bosons and fermions, the SL(2,Z)
symmetry should be broken further. Non-zero gaugino massesMa are generated
when the gauge kinetic function gets a dependence on T , i.e. fa = ka(S−σT). The
soft scalar masses m2α and trilinear couplings Aαβγ arise for the minimal choice
of the Ka¨hler metric of the observable superfields, when the Ka¨hler potential is
given by
K = − ln(S+ S¯) − 3 ln(T + T¯) +
∑
α
ϕαϕ¯α . (2.31)
In this case we have
Aαβγ = 3m3/2 , m
2
α = m
2
3/2, (2.32)
It is worth emphasizing that the energy densities of vacua still vanish in models
with the modified gauge kinetic function and Ka¨hler potential (2.31). It clears the
way to the construction of realistic SUGRA models based on the MPP assump-
tion.
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Abstract. According to the multiple point principle, Nature adjusts coupling parameters
so that many vacuum states exist and each has approximately zero vacuum energy den-
sity. We apply this principle to the general two-Higgs doublet extension of the Standard
Model, by requiring the existence of a large set of degenerate vacua at an energy scale
much higher than the presently realized electroweak scale vacuum. It turns out that two
scenarios are allowed. In the first scenario, a CP conserving Higgs potential and the ab-
sence of flavour changing neutral currents are obtained without fine-tuning. In the second
scenario, the photon becomes massive in the high scale vacua. We briefly discuss the re-
sulting phenomenology.
3.1 Introduction
The success of the StandardModel (SM) strongly supports the concept of sponta-
neous SU(2)×U(1) symmetry breaking. The mechanism of electroweak symme-
try breaking, in its minimal version, requires the introduction of a single doublet
of scalar complex Higgs fields and leads to the existence of a neutral massive
particle — the Higgs boson. Over the past two decades the upper [1] and lower
[1]-[3] theoretical bounds on its mass have been established. Although the Higgs
boson still remains elusive, the combined analysis of electroweak data indicates
that its mass lies below 251 GeV with 95% confidence level [4].
Recently the experimental lower limit on the Higgs mass of 115.3 GeV was
set by the unsuccessful search at LEPII [5]. The upgraded Tevatron, LHC and LC
have a good chance to discover the Higgs boson in the near future.
There is, of course, no strong argument for the existence of just a single
Higgs doublet, apart from simplicity. Indeed the symmetries of many models for
physics beyond the SM, such as supersymmetry or the Peccei-Quinn symmetry
[6], naturally introduce extra Higgs doublets with unit weak hypercharge. In this
paper, we consider the application of the Multiple Point Principle to the general
two Higgs doublet model, without any symmetries imposed beyond those of the
SM gauge group.
The Multiple Point Principle (MPP) [7] postulates the co-existence in Na-
ture of many phases, which are allowed by a given theory. It corresponds to the
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special (multiple) point on the phase diagram of the considered theory where
these phases meet. At the multiple point the vacuum energy densities (the cos-
mological constants) of the neighbouring phases are degenerate. Thus, according
to MPP, Nature fine-tunes the couplings to their values at the multiple point. We
have not identified the physical mechanism underlying MPP, but it seems likely
[7] that a mild form of non-locality is required, due to baby universes say [8], as
in quantum gravity.
When applied to the pure SM, the MPP exhibits a remarkable agreement [9]
with the top quark mass measurements. According to MPP, the renormalization
group improved SMHiggs effective potential
Veff(φ) = −m
2(φ)φ2 +
λ(φ)
2
φ4 , (3.1)
has two rings of minima with the same vacuum energy density [9]. The radius of
the little ring is equal to the electroweak vacuum expectation value of the Higgs
field |φ| = v = 246 GeV. The second vacuum was assumed to be near the fun-
damental scale of the theory1, identified as the Planck scale |φ| ≈MPl. The mass
parameter m in the effective potential (3.1) has to be of the order of the elec-
troweak scale v and is negligible compared to MPl. The conditions for a second
degenerate minimum of Veff at the Planck scale then become
βλ(λ(MPl), gt(MPl), gi(MPl)) =
dλ
d lnφ
(MPl) = λ(MPl) = 0 (3.2)
where gi(φ) and gt(φ) denote the gauge and top quark Yukawa couplings re-
spectively. Hence, by virtue of MPP, λ(MPl) and gt(MPl) are determined and
one can compute quite precisely the predicted top quark (pole) and Higgs boson
masses using the renormalization group flow [9]:
Mt = 173 ± 5 GeV , MH = 135 ± 9 GeV . (3.3)
Here we study the MPP predictions for the general two Higgs doublet exten-
sion of the SM [2],[11]. The structure of the general two Higgs doublet model is
outlined in the next section. The MPP conditions are then formulated in section
3. Section 4 contains our conclusions.
1 Here we assume the existence of the hierarchy v/MPl ∼ 10
−17 . However some of us
have speculated [10] that this huge scale ratio could be derived from MPP, as a conse-
quence of the existence of yet another SM vacuum at the electroweak scale, formed by
the condensation of a strongly bound S-wave state of 6 top quarks and 6 anti-top quarks.
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3.2 Two Higgs doublet extension of the SM
The most general renormalizable SU(2) × U(1) gauge invariant potential of the
model involving two Higgs doublets is given by
Veff(H1, H2) = m
2
1(Φ)H
†
1H1 +m
2
2(Φ)H
†
2H2 −
[
m23(Φ)H
†
1H2 + h.c.
]
+
λ1(Φ)
2
(H
†
1H1)
2 +
λ2(Φ)
2
(H
†
2H2)
2 + λ3(Φ)(H
†
1H1)(H
†
2H2) + λ4(Φ)|H
†
1H2|
2
+
[
λ5(Φ)
2
(H
†
1H2)
2 + λ6(Φ)(H
†
1H1)(H
†
1H2) + λ7(Φ)(H
†
2H2)(H
†
1H2) + h.c.
]
(3.4)
where
Hn =
(
χ+n
(H0n + iA
0
n)/
√
2
)
n = 1, 2 .
It is easy to see that the number of couplings in the two Higgs doublet model
(2HDM) comparedwith the SMgrows from two to ten. Furthermore, four of them
m23, λ5, λ6 and λ7 can be complex, inducing CP–violation in the Higgs sector. In
what follows we suppose that the mass parametersm2i and Higgs self–couplings
λi of the effective potential (3.4) only depend on the overall sum of the squared
norms of the Higgs doublets, i.e.
Φ2 = Φ21 +Φ
2
2 , Φ
2
n = H
†
nHn =
1
2
[
(H0n)
2 + (A0n)
2
]
+ |χ+n |
2 .
The running of these couplings is described by the 2HDM renormalization group
equations [12]–[13], where the renormalization scale is replaced by Φ.
At the physical minimum of the scalar potential (3.4) the Higgs fields de-
velop vacuum expectation values
< Φ1 >=
v1√
2
, < Φ2 >=
v2√
2
(3.5)
breaking the SU(2)×U(1) gauge symmetry and generating masses for the bosons
and fermions. Here the overall Higgs norm < Φ >=
√
v21 + v
2
2 = v = 246GeV is
fixed by the electroweak scale. At the same time the ratio of the Higgs vacuum
expectation values remains arbitrary. Hence it is convenient to introduce tanβ =
v2/v1.
In general the Yukawa couplings of the quarks to the Higgs fieldsH1 andH2
generate phenomenologically unwanted flavour changing neutral currents, un-
less there is a protecting custodial symmetry [14]. Such a custodial symmetry re-
quires the vanishing of the Higgs couplings λ6 and λ7. It also requires the down-
type quarks to couple to just one Higgs doublet,H1 say, while the up-type quarks
couple either to the sameHiggs doubletH1 (Model I) or to the second Higgs dou-
blet H2 (Model II) but not both
2. If, in addition, the Higgs coupling λ5 vanishes,
2 Similarly the leptons are required to only couple to one Higgs doublet, usually chosen
to be the same as the down-type quarks. However there are variations of Models I and
II, in which the leptons couple to H2 rather than to H1 .
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as in supersymmetric and Peccei-Quinn models, there is no CP-violation in the
Higgs sector.
We emphasize that, in this paper, we do not impose any custodial symmetry
but rather consider the general Higgs potential (3.4). Instead we require that at
some high energy scale (MZ << Λ . MPl), which we shall refer to as the MPP
scale Λ, a large set of degenerate vacua allowed by the 2HDM is realized. In
compliance with the MPP, these vacua and the physical one must have the same
energy density. Thus theMPP implies that the couplings λi(Λ) should be adjusted
with an accuracy of order v2/Λ2, in order to arrange an appropriate cancellation
among the quartic terms in the effective potential (3.4).
3.3 Implementation of the MPP in the 2HDM
In this section, we aim to determine a large set of minima of the 2HDM scalar
potential with almost vanishing energy density, which may exist at the MPP high
energy scale Λ where the mass terms in the potential can be neglected. The most
general vacuum configuration takes the form:
< H1 >= Φ1
(
0
1
)
, < H2 >= Φ2
(
sin θ
cosθ eiω
)
, (3.6)
where Φ21 + Φ
2
2 = Λ
2. Here, the gauge is fixed so that only the real part of the
lower component of H1 gets a vacuum expectation value.
We now consider the conditions that must be satisfied in order that minima
of Veff should exist for all possible values of the phaseω. The ω-dependent part
of the potential takes the form:
Vω =
λ5(Φ)
2
Φ21Φ
2
2 cos
2 θe2iω +
[
λ6(Φ)Φ
3
1Φ2 + λ7(Φ)Φ1Φ
3
2
]
cosθeiω + h.c.
(3.7)
In order that Vω should become independent of ω at the MPP scale minima,
we require that the coefficients of eiω and e2iω in (3.7) both vanish at Φ = Λ.
Similarly for minima to exist for all values of ω, we require the derivatives:
∂Vω
∂Φ1
=
[
λ5(Φ)Φ1Φ
2
2 + βλ5(Φ)
Φ31Φ
2
2
2Φ2
]
cos2 θe2iω+[
3λ6Φ
2
1Φ2 + βλ6
Φ41Φ2
Φ2
+ λ7Φ
3
2 + βλ7
Φ21Φ
3
2
Φ2
]
cosθeiω + h.c. (3.8)
and
∂Vω
∂Φ2
=
[
λ5(Φ)Φ
2
1Φ2 + βλ5(Φ)
Φ21Φ
3
2
2Φ2
]
cos2 θe2iω+[
λ6Φ
3
1 + βλ6
Φ31Φ
2
2
Φ2
+ 3λ7Φ
2
2Φ1 + βλ7
Φ1Φ
4
2
Φ2
]
cosθeiω + h.c. (3.9)
to be independent ofω atΦ = Λ. Here βλi(Φ) =
dλi
d lnΦ (Φ) is the renormalisation
group beta function for the Higgs self-coupling λi(Φ).
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It is readily verified (unless cos θ = 0) that the vanishing of the coefficients of
eiω and e2iω in Eqs. (3.7) - (3.9) leads to the conditions:
λ5(Λ) = λ6(Λ) = λ7(Λ) = 0 (3.10)
and
βλ5(Λ) = βλ6Φ
2
1 + βλ7Φ
2
2 = 0. (3.11)
When λ5 = λ6 = λ7 = 0, the Higgs potential manifests an extra Peccei-Quinn-like
U(1) symmetry, and the only non-vanishing contributions to the beta functions
βλ5 , βλ6 and βλ7 arise from the Yukawa couplings to the fermion sector. We shall
consider just the third generation fermions here and neglect the smaller Yukawa
couplings from the first two generations. An obvious method of ensuring that
βλ5 , βλ6 and βλ7 also vanish, and thereby satisfy Eq. (3.11), is to extend the U(1)
symmetry to the fermion sector at the MPP scale. In other words the Yukawa
couplings at the MPP scale can be taken to be of the 2HDM Model I or Model II
form discussed in section 3.2 This is illustrated by the explicit expression for βλ5
(in a notation where we have re-defined the Higgs doublets so that the top quark
only couples to H2 at the MPP scale):
βλ5
(
λ5 = λ6 = λ7 = 0,Λ
)
= −
1
(4π)2
[
12h2b(Λ)g
2
b(Λ) + 4h
2
τ(Λ)g
∗2
τ (Λ)
]
. (3.12)
Here hb and gb are the couplings of H1 and H2 to the b–quark, while hτ and
gτ are the corresponding couplings of the Higgs doublets to the τ–lepton. For
definiteness, we have chosen a phase convention in which ht, hb, hτ and gb are
real and gτ is complex. The beta function (3.12) vanishes when
(I) hb(Λ) = hτ(Λ) = 0 ; (II) gb(Λ) = gτ(Λ) = 0 ;
(III) hb(Λ) = gτ(Λ) = 0 ; (IV) gb(Λ) = hτ(Λ) = 0 .
(3.13)
corresponding to the 2HDM Model I and Model II Yukawa couplings and their
leptonic variations.
An alternative method of solving the MPP conditions (3.10, 3.11), without
a Peccei-Quinn-like U(1) symmetry, is for the b and τ contributions to cancel in
Eq. (3.12) with gτ being imaginary. However the manifold of such MPP solu-
tions in the space of coupling constants is of the same dimension as that of the
Peccei-Quinn-like solutions. Hence no fine-tuning is required to obtain one of the
Peccei-Quinn-like MPP solutions, as they are just as abundant as MPP solutions
without such aU(1) symmetry.We shall therefore concentrate on the phenomeno-
logically favouredMPP solutions, having the 2HDMModel I or Model II Yukawa
couplings.
The Peccei-Quinn-like U(1) custodial symmetry of the Higgs and Yukawa
sector implies that
βλ5(Λ) = βλ6(Λ) = βλ7(Λ) = 0. (3.14)
It then follows from Eqs. (3.10) and (3.14) that the renormalization group evolu-
tion does not generate any U(1) custodial symmetry breaking couplings below
the MPP scale, where we thus have:
λ5(Φ) = λ6(Φ) = λ7(Φ) = 0. (3.15)
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the acuum configuration (6) into the quartic part of the 2HDM scalar
Fig. 3.1. The running of λ1 and λ2 , as a function of log[Φ
2/M2Pl], belowMPl for λi(MPl) =
0, mt(Mt) = 165GeV and α3(MZ) = 0.117. The renormalization group flow is plotted
for tanβ = 2. The solid and dashed lines correspond to λ1 and λ2 respectively.
In this way we have naturally obtained the absence of flavour changing neutral
currents and a CP onserving Higgs potential from the MPP requirement that
vacua at the MPP scale should be degenerate with respect to the phase ω.
We now consider whether we can impose further MPP conditions n the
couplings. The simplest way to ensure that the q artic part of the effective poten-
tial vanishes for any vacuum configuration (3.6) at the MPP scale is to impose the
condition that all the self-couplings should vanish there:
λ1(Λ) = λ2(Λ) = λ3(Λ) = λ4(Λ) = λ5(Λ) = λ6(Λ) = λ7(Λ) = 0 . (3.16)
However, further investigation reveals that the configurations (3.6) do not cor-
respond to minima of the effective potential in this case. This can be shown by
consideration of the 2HDM renormalization group equations for the quartic cou-
plings [12]–[13]. The detailed results depend on the choice of Model I or Model
II Yukawa couplings, but they are qualitatively similar. So, for convenience, we
shall concentrate on the Model II couplings here.
For moderate values of tanβ the Higgs self–coupling λ1 becomes negative
just below the MPP scale (see Fig. 3.1). The renormalization group running of
λ2 exhibits the opposite behaviour, because of the large and negative top quark
contribution to the corresponding beta–function. This means that Veff does not
have a minimum at the MPP scale and, just below it, there is a huge negative
energy density (Veff ∼ −Λ
4)where < Φ2 >= 0 and < Φ1 >. Λ.
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Figure 2: The running of and as function of log[Φ ], elo
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dash–dotted lines correspond to and respectively
otential, and using Eq. (15), one finds for an elo the MPP scale:
(Φ) (Φ)
(Φ) (Φ) (Φ) (Φ) cos
(17)
The Higgs scalar otential (17) attains its minimal alue for cos if
or cos when 0. or these alues of cos the scalar
otential can written as
ef (Φ)Φ (Φ)Φ (Φ)Φ (18)
where
(Φ) (Φ) (Φ) (Φ) min (Φ)
If at some intermediate scale the combination of the Higgs self–couplings
(Φ) is less than zero, then there exists minimum with negativ energy
densit that causes the instabilit of the acua at the electro eak and MPP
scales. Otherwise the Higgs effectiv otential is ositiv definite and the
considered acua are stable.
Fig. 3.2. The running of λ1 , λ2 and λ˜, as a function of log[Φ
2/M2Pl], below MPl for
λi(MPl) = 0, mt(Mt) = 165GeV and α3(MZ) = 0.117. The renormalization group flow
is plotted for tanβ = 50. The solid, dashed and dash–dotted lines correspond to λ1 , λ2
and λ˜ respectively.
The renormalization group flow of λ1 changes at very large tanβ (see Fig. 3.2).
The absolute value of the b–quark and τ–lepton contribution to βλ1 , although
negligible at moderate values of tanβ, grows with increasing tanβ. At tanβ ∼
mt(Mt)/mb(Mt) their negative contribution to the beta function of λ1 prevails
over the positive contributions coming from loops containing Higgs and gauge
bosons. The negative sign of βλ1 results in λ1(Φ) > 0 if the overall Higgs norm
Φ is less than Λ. Howev r the positive s gn of λ1 does not ensure the tability of
the vacua (3.6). Substituting the vacuum configuration (3.6) into the quarti part
of the 2HDM scalar potential, and using Eq. (3.15), one finds for anyΦ below the
MPP scale:
V(H1, H2) ≈ 1
2
(√
λ1(Φ)Φ
2
1 −
√
λ2(Φ)Φ
2
2
)2
+
+
(√
λ1(Φ)λ2(Φ) + λ3(Φ) + λ4(Φ) cos
2 θ
)
Φ21Φ
2
2 .
(3.17)
The Higgs scalar potential (3.17) attains its minimal value for cos θ = 0 if λ4 > 0
or cos θ = ±1 when λ4 < 0. For these values of cos θ, the scalar potential can be
written as
Veff(H1, H2) ≈ 1
2
(√
λ1(Φ)Φ
2
1 −
√
λ2(Φ)Φ
2
2
)2
+ λ˜(Φ)Φ21Φ
2
2 , (3.18)
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where
λ˜(Φ) =
√
λ1(Φ)λ2(Φ) + λ3(Φ) +min{0, λ4(Φ)} .
If at some intermediate scale the combination of the Higgs self–couplings λ˜(Φ)
is less than zero, then there exists a minimum with negative energy density that
causes the instability of the vacua at the electroweak and MPP scales. Otherwise
the Higgs effective potential is positive definite and the considered vacua are
stable.
In Fig. 3.2 the Higgs self–couplings λ1(Φ) and λ2(Φ), as well as λ˜(Φ), are
plotted as a function ofΦ for a very large value of tanβ. It is clear that the vacuum
stability conditions, i.e.
λ1(Φ) & 0 , λ2(Φ) & 0 , λ˜(Φ) & 0 (3.19)
are not fulfilled simultaneously. The value of λ˜(Φ) becomes negative for Φ < Λ.
So we conclude that indeed the conditions (3.16) can not provide a self–consistent
realization of the MPP in the 2HDM.
At the next stage it is worth relaxing the conditions (3.16), by permitting
λ1(Λ), λ2(Λ) and λ3(Λ) to take on non–zero values. In order to avoid a huge and
negative vacuum energy density in the global minimum of the 2HDM effective
potential that precludes the implementation of MPP, the vacuum stability condi-
tions (3.19) should be satisfied for any Φ in the interval: v . Φ . Λ. In this case
both terms in the quartic part of the scalar potential (3.17) are positive. In order to
achieve degeneracy of the vacua at the electroweak andMPP scales, they must go
to zero separately at the scale Λ. Since λ4(Λ) is still taken to be zero, the second
term in Eq. (3.17) vanishes when
λ3(Λ) ≃ −
√
λ1(Λ)λ2(Λ) . (3.20)
For finite values of λ1(Λ) and λ2(Λ) the first term in the quartic part of the scalar
potential can also be eliminated by the appropriate choice of Higgs vacuum ex-
pectation values:
Φ1 = Λ cosγ , Φ2 = Λ sinγ , tanγ =
(
λ1(Λ)
λ2(Λ)
)1/4
. (3.21)
The sum of the quartic terms in Veff(H1, H2) then tend to zero at the MPP scale
independently of the angle θ and the phase ω.
Nevertheless the situation is not as promising as it first appears, since again
we can show it does not correspond to a local minimum of Veff at Φ = Λ, in
which all partial derivatives of the 2HDM scalar potential go to zero. The de-
generacy of the vacua, parameterized by Eqs. (3.6) and (3.21), implies that the
following derivatives
∂Veff(H1, H2)
∂Φi
∝ 1
2
βλ1 tan
−2 γ+
1
2
βλ2 tan
2 γ+ βλ3 + βλ4 cos
2 θ . (3.22)
should vanish at the MPP scale for any choice of θ and ω. In order for these
derivatives to be independent of θ, we require βλ4(Λ) = 0. However, for λ4(Λ) =
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0, this requirement is in conflict with the form of the beta function:
βλ4(Λ) =
1
(4π)2
[
3g22(Λ)g
2
1(Λ) + 12h
2
t (Λ)h
2
b(Λ)
]
(3.23)
which is strictly positive. Thus our attempt to adapt the MPP idea to the 2HDM
with λ4(Λ) = 0 fails. Then we have two MPP scenarios.
When λ4(Λ) < 0 (the first scenario), a self–consistent implementation of the
MPP can only be obtained if λ1(Λ), λ2(Λ) and λ3(Λ) have non–zero values. Then
cosθ = ±1 near the MPP scale minima, where the Higgs effective potential takes
the form (3.18). In order to ensure the vanishing of Veff at the MPP scale with an
accuracy of order v2/Λ2, the combination of Higgs self–couplings λ˜(Λ) must go
to zero. Furthermore, if the 2HDM effective potential is to possess a set of local
minima at the MPP scale, the derivative of λ˜(Φ) must vanish when Φ = Λ and
hence βλ˜(Λ) = 0. In this first scenario, the following set of MPP scale vacua
< H1 >=
(
0
Φ1
)
, < H2 >=
(
0
Φ2 e
iω
)
(3.24)
have the same energy density for any ω. The ratio of the Higgs field norms Φ1
and Φ2 in Eq. (3.24) is defined by the equations for the extrema of the 2HDM
scalar potential, whose solution is given by Eq. (3.21). In the minima (3.24) the
photon remains massless and electric charge is conserved.
In the second scenario λ4(Λ) > 0 the parameter cos θ tends to zero. We note
that our general derivation of the MPP conditions (3.10, 3.11), and the consequent
U(1) custodial symmetry without fine-tuning, breaks down in this case, since the
Higgs potential does not depend on the phaseω near its minimum (where cos θ =
0). If λ4(Λ) − |λ5(Λ)| > 0 and
λ1(Λ) = λ2(Λ) = λ3(Λ) = λ6(Λ) = λ7(Λ) = 0
the following set of vacua
< H1 >=
(
0
Φ1
)
, < H2 >=
(
Φ2
0
)
(3.25)
are degenerate for any Φ1 and Φ2 satisfying Φ
2
1 + Φ
2
2 = Λ
2. In order to ensure
the existence of the minima given by Eq. (3.25), the conditions for extrema must
be fulfilled which lead to βλ1(Λ) = βλ2(Λ) = βλ3(Λ) = 0. The cancellation
of different contributions to these β-functions only becomes possible for large
values of the Yukawa couplings at the MPP scale (corresponding to large tanβ in
Model II). The resulting vacuum energy density vanishes because cos θ goes to
zero in these vacua. At the set of minima (3.25) the SU(2)×U(1) gauge symmetry
is broken completely and the photon gains a mass of the order of Λ. This is not
in conflict with phenomenology, since an MPP scale minimum is not presently
realised in Nature. However, on phenomenological grounds, we prefer the first
scenario, although it is consistent to impose an ad hoc Z2 custodial symmetry on
the second scenario which we will discuss separately elsewhere.
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The conditions{
λ5(Λ) = λ6(Λ) = λ7(Λ) = βλ5(Λ) = βλ6(Λ) = βλ7(Λ) = 0 ,
λ˜(Λ) = βλ˜(Λ) = 0 ,
(3.26)
leading to the appearance of the degenerate vacua (3.24) in our preferred sce-
nario, should be identifiedwith theMPP conditions analogous to those of Eq. (3.2).
The conditions (3.26) have to be supplemented by the vacuum stability require-
ments (3.19), which must be valid everywhere from the electroweak to the MPP
scale. Any failure of either the conditions (3.26) or the inequalities (3.19) prevents
a consistent realization of the MPP in the 2HDM.
We have made a detailed numerical analysis of these MPP constraints on the
Higgs spectrum in the 2HDM for high energy scales ranging fromΛ = MPl down
to Λ = 10 TeV, which we shall report elsewhere. In the large tanβ limit, the al-
lowed range of the Higgs self–couplings is severely constrained by the MPP con-
ditions (3.26) and vacuum stability requirements (3.19). As a consequence, using
the Model II Yukawa couplings and the lower limit on the charged scalar mass
[15] deduced from the non-observation of B→ Xsγ decay, the Higgs spectrum ex-
hibits a hierarchical structure for most of the large tanβ (tanβ & 2) region. While
the heavy scalar, pseudoscalar and charged Higgs particles are nearly degener-
ate with a mass greater than 300GeV, the mass of the SM–like Higgs boson mh
does not exceed 180GeV for any scale Λ & 10TeV. The bounds on mh become
stronger as the MPP scale is increased. For Λ = MPl and large values of tanβ
we find:mh = 137 ± 12 GeV. However, for very large tanβ ≃ mt(Mt)/mb(Mt)
the MPP restrictions on the Higgs self–couplings and the lightest Higgs scalar
mass turn out to be substantially relaxed, due to a loosening of the allowed up-
per limit on λ2(Λ). In particular the upper bound onmh is increased to 180 GeV
for Λ =MPl and very large tanβ.
3.4 Conclusion
We have studied the constraints imposed by the Multiple Point Principle on the
general two Higgs doublet model, by requiring the existence of a large number of
vacua at a high energy scale Λ which are degenerate with the electroweak scale
vacuum. The MPP conditions at the scale Λ, derived in our preferred scenario
with the vacua (3.24), are summarized in Eq. (3.26). In addition the vacuum sta-
bility conditions (3.19) must be satisfied. The MPP conditions in the first line of
Eq. (3.26) give CP invariance of the Higgs potential and the presence of a softly
broken (by them23H
†
1H2 term in Veff) Z2 symmetry of the usual type responsible
for the absence of flavour changing neutral currents without fine-tuning. The Z2
invariance of the 2HDM Lagrangian is not spoiled by the renormalization group
flow. This means that the MPP provides an alternative mechanism for the sup-
pression of flavour changing neutral currents in the 2HDM.
In addition the MPP conditions in the second line of Eq. (3.26) provide two
relationships between the non-zero Higgs self-couplings, at the scale Λ, which
can in principle be checked when the masses and couplings of the Higgs bosons
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are measured at future colliders. It is interesting to remark that these relation-
ships are satisfied identically in the minimal supersymmetric standard model at
all high energy scales, where the soft SUSY breaking terms can be neglected.
In conclusion we have constructed a new simple MPP inspired non-super-
symmetric two Higgs doublet extension of the SM.
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Abstract. The use in the action integral of a volume element of the form ΦdDx where Φ
is a metric independent measure can give new interesting results in all types of known
generally coordinate invariant theories: (1) 4-D theories of gravity plus matter fields; (2)
Parametrization invariant theories of extended objects; (3) Higher dimensional theories. In
the case (1), a large number of new effects appears: under normal particle physics condi-
tions (primordial) fermions split into three families; when matter is highly diluted, neutri-
nos increase their mass and can contribute both to dark energy and to dark matter. In the
case (2), it leads to dynamically induced tension; to string models of non abelian confine-
ment; to the possibility of new Weyl invariant light-like branes which dynamically adjust
themselves to sit at black hole horizons; in the context of higher dimensional theories it
can provide examples of massless 4-D particles with nontrivial Kaluza Klein quantum
numbers. In the case (3), i.e. in brane and Kaluza Klein scenarios, the use of a metric in-
dependent measure makes it possible to construct naturally models where only the extra
dimensions get curved and the 4-D remain flat.
4.1 Introduction
We have studiedmodels of the new class of theories[1]-[20] based on the idea that
the action integral may contain the new metric-independent measure of integra-
tion. For example, in four dimensions the new measure can be built of four scalar
fields ϕa (a = 1, 2, 3, 4)
Φ = εµναβεabcd∂µϕa∂νϕb∂αϕc∂βϕd. (4.1)
Φ is the scalar density under general coordinate transformations and the action
can be chosen in the form S =
∫
LΦd4x. This has been applied to three different
directions:
I. Investigation of the four-dimensional gravity and matter fields models
containing the new measure of integration that appears to be promising for res-
olution of the dark energy and dark matter problems, fermion families problem,
the fifth force problem, etc..
⋆ guendel@bgumail.bgu.ac.il, alexk@bgumail.bgu.ac.il
⋆⋆ nissimov@inrne.bas.bg, svetlana@inrne.bas.bg
4 New Physics From a Dynamical Volume Element 41
II. Studying new type of string and brane models based on the use of a mod-
ified world-sheet/world-volume integration measure. It allows new types of ob-
jects and effects like for example: spontaneously induced string tension; classi-
cal mechanism for a charge confinement; Weyl-invariant light-like (WILL) brane
having the promising results for black hole physics.
III. Studying higher dimensional realization of the idea of the modified mea-
sure in the context of the Kaluza-Klein and brane scenarios with the aim to solve
the cosmological constant problem.
4.2 Gravity, Particle Physics and Cosmology
.
Since Φ is a total derivative, a shift of L by a constant has no effect on the
equations of motion. Similar shift of L in usual theories, i.e. with the action S =∫
L
√
−gd4x, would lead to the shift of the constant part of the Lagrangian which
in the Einstein’s GR is the cosmological constant. The exploitation of this circum-
stance for a resolution of the ”old” cosmological constant problem was the initial
motivation[1] for using the measure Φ instead of
√
−g. It turns out that working
with the volume element Φd4x instead of
√
−gd4x it is impossible to construct
realistic models, e.g. with a nontrivial scalar field dynamics.
However the situation is dramatically changed if one to apply the action
principle to the action of the general form
S =
∫
L1Φd
4x+
∫
L2
√
−gd4x, (4.2)
including two Lagrangians L1 and L2 and two measures of the volume elements
(Φd4x and
√
−gd4x respectively). To provide parity conservation, one can choose
for example one ofϕa’s to be pseudoscalar. Constructing the field theory with the
action (4.2), we make only two basic additional assumptions:
(A) L1 and L2 are independent of the measure fields ϕa. Then the action
(4.2) is invariant under volume preserving diffeomorphisms[2],[6]. Besides, it is
invariant (up to an integral of a total divergence) under the infinite dimensional
group of shifts of the measure fields ϕa: ϕa → ϕa + fa(L1), where fa(L1) is
an arbitrary differentiable function of the Lagrangian density L1. This symmetry
prevents the appearance of terms of the form h(Φ/
√
−g)Φ in the effective action
(where quantum corrections are taken into account) with single possible excep-
tion when the function h(Φ/
√
−g) is of the form h(Φ/
√
−g) = c
√
−g/Φ; here
c is Φ/
√
−g independent but may be a function of all other fields. This makes
possible that quantum corrections generate an additive contribution to the cos-
mological constant term which may present also in the second term of the action
(4.2). Moreover, one can think of a theory where we start from the action
∫
LΦd4x
but quantum effects modify L to some new Lagrangian density L1 and they also
generate a term h(Φ/
√
−g)Φ with h(Φ/
√
−g) = L2
√
−g/Φ. In other words, the
action of the form (4.2)may be an effective quantum action corresponding to the
classical action
∫
LΦd4x. The structure of the action (4.2) may be motivated also
in the brane scenario[12].
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(B) We proceed in the first order formalism where all fields, including met-
ric gµν (or vierbeins eaµ), connection coefficients (or spin-connection ω
ab
µ ) and
the measure fields ϕa are independent dynamical variables. All the relations be-
tween them follow from equations of motion. The field theory based on the listed
assumptions we call ”Two Measures Theory” (TMT).
It turns out that the measure fields ϕa affect the theory only via the ratio of
the two measures
ζ ≡ Φ/√−g (4.3)
which is the scalar field. It is determined by a constraint in the form of an alge-
braic equation which is exactly a consistency condition of equations of motion.
The constraint determines ζ in terms of the fermion density and scalar fields.
Applying the Palatini formalism in TMT one can show (see for example[6]
or Appendix C of Ref.[12]) that the resulting relation between metric and con-
nection includes also the gradient of ζ. This means that with the original set of
variables we are not in a Riemannian (or Riemann-Cartan) space-time. Gradient
of ζ presents also in all equations of motion. By an appropriate change of the dy-
namical variables which consists of a conformal transformation of the metric and
a multiplicative redefinitions of the fermion fields, one can formulate the theory
as that in a Riemannian (or Riemann-Cartan) space-time. The corresponding con-
formal frame we call ”the Einstein frame”. The big advantage of TMT is that in
the very wide class of models, the equations of motion in the Einstein frame take the
canonical general form of those of GR, including the field theory models in curved
space-time. All the novelty consists in the structure of the scalar fields effective
potential, masses of fermions and their interactions to scalar fields as well as the
structure of fermion contributions to the energy-momentum tensor: all these now
depend via ζ on the scalar fields (e.g., dilaton, Higgs) and the fermion energy den-
sities. In addition to the canonical fermion contribution to the energy-momentum
tensor there appears the non-canonical one proportional to gµνm(ζ)Ψ¯Ψ, where
m(ζ) is the effective ζ depending ”mass” of the primordial fermion.
The surprising feature of the theory is that although the gravitational equa-
tions are used for obtaining the constraint, neither Newton constant nor curva-
ture appears in the constraint. This means that the geometrical scalar field ζ(x) is
determined by the matter fields configuration locally and straightforward (that is
without gravitational interaction). As a result of this, ζ(x) has a decisive influence
in the determination of the effective (that is appearing in the Einstein frame) in-
teractions and particle masses, and due to this, in the gravity and particle physics,
cosmology and astrophysics.
In Ref.[9]-[11] we have started to study the models with the most general
form for L1 and L2 (without higher derivatives) such that the action (4.2) pos-
sesses both a non-Abelian gauge symmetry and a special type of scale symmetry
(the latter includes the shift symmetry[21] of the dilaton φ → φ + const). For
short, in a schematic form L1 can be represented as
L1 = e
αφ/Mp
[
−
1
κ
R(ω, e) −
1
2
gµνφ,µφ,ν + (Higgs) + (gauge) + (fermions)
]
(4.4)
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and similarly for L2 (with different choice of the normalization factors in front of
each of the terms). Here R(ω, e) is the scalar curvature in the first order formalism
where the spin-connection ωabµ and the vierbein e
a
µ are independent; MP is the
Planck mass; α is the dimensionless parameter. Varying the measure fields ϕa
and assuming Φ 6= 0, we get equations that yield
L1 = sM
4 = const (4.5)
where s = ±1 andM is a constant of integration with the dimension of mass. The
appearance of a nonzero integration constant sM4 spontaneously breaks the scale
invariance.
In TMT there is no need[9]-[12] to postulate the existence of three species for
each type of fermions (like three neutrinos, three charged leptons, etc.). Instead
of this we start from one ”primordial” fermion field for each type of leptons and
quarks: one primordial neutral lepton N, one primordial charged lepton E, etc..
Splitting of each of them into three generations occurs as a dynamical effect of
TMT in normal particle physics conditions, that is when fermions are localized
(in nuclei, atoms, etc.) and constitute the regular (visible) matter with energy den-
sity tens orders of magnitude larger then the vacuum energy density. The crucial
role in this effect belongs to the above-mentioned constraint which dictates the
balance (in orders of magnitude) between the vacuum energy density and the
fermion energy density. In normal particle physics conditions this balance may
be satisfied if ζ gets the set of pairs of constant values ζ
(i)
1,2 that correspond to
two different states of the each type of primordial fermions (i = N,E, ...) with
different constant masses. It turns out that with those constant values of ζ, the non-
canonical fermion contribution to the energy-momentum tensor disappears and
the gravitational equations of our TMT model are reduced exactly to the Ein-
stein equations in the corresponding field theory model (i.e. when the scalar field
and massive fermions are sources of gravity). Since the classical tests of GR deal
with matter built of the fermions of the first generation (with a small touch of
the second generation), one should identify the states of the primordial fermions
obtained as ζ = ζ
(i)
1,2 with the first two generations of the regular fermions. One
can show that the model allows to quantize the matter fields and provides right
flavor properties of the electroweak interactions, at least for the first two lepton
generations.
It turns out that besides the discussed two solutions for ζ there is only one
more additional possibility to satisfy the constraint when primordial fermion is
in the normal particle physics conditions and to provide that the non-canonical
fermion contribution to the energy-momentum tensor ismuch less than the canon-
ical one. We associate this solution with the third generation of fermions. (for de-
tails see [9]-[11]). The described effect of splitting of the primordial fermions into
three generations in the normal particle physics conditions can be called ”fermion
families birth effect”.
Fermion families birth effect (at the normal particle physics conditions) and
reproduction of Einstein equations (as the fermionic matter source of gravity built
of the fermions of the first two generations) do not exhaust the remarkable fea-
tures of the theory. Simultaneously with this the theory automatically provides
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an extremely strong suppression of the Yukawa coupling of the scalar field φ to
the fermions observable in gravitational experiments. The mechanism by means
of which the model solves the long-range scalar force problem is very unusual:
primordial fermions interact with quintessence-like scalar field φ, but this inter-
action practically disappears when primordial fermions are in the states of the
regular fermions observed in gravitational experiments with visible matter. The
fact that the same condition provides simultaneously both reproduction of GR and the
first two families birth effect seems very surprising because we did not make any
special assumptions intended for obtaining these results.
In the fermion vacuum the constraint determines ζ as the function of the
dilaton φ (and of the Higgs field if it is included in the model). If the integration
constant is chosen to be negative (s = −1 in Eq.(4.5)) then the effective potential
of the scalar sector implies a scenario[7] where zero vacuum energy is achieved
without any fine tuning. This allows to suggest a new way for resolution of the
old cosmological constant problem. In models with the Higgs field one may get such
situation multiple times, therefore naturally obtaining a multiple degenerate vac-
uum as advocated in[22]. If one to choose s = +1 then one can treat the fermion
vacuum as a model for dark energy in the FRW cosmology of the late time uni-
verse. Assuming that the scalar field φ→∞ as t→∞ we obtain[9]-[12],[14],[15]
that the evolution of the late time universe is governed by the sum of the cosmo-
logical constant and the quintessence-like scalar field φ with the potential pro-
portional to the integration constantM4 and having the form of a combination of
two exponents of φ. In the more simple model(see [9],[12]) where the potentials
for φ are not included in the original TMT action at all, the effectiveφ-potential is
generated due to spontaneous symmetry breaking by Eq.(5) and it has the form
of the exponential potential studied in quintessence models,[23],[24].
Due to the constraint, physics of primordial fermions at energy densities
comparable with the dark (scalar sector) energy density turns out to be very
different from what we know in normal particle physics. In this case, the non-
canonical contribution (proportional to gµν) of the primordial fermion into the
energy-momentum tensor can be larger and even much larger than the canonical
one. The theory predicts that in this regime the state of the primordial fermion is
totally different fromwhat we know in normal particle physics conditions. For in-
stance, in the FRW universe, the primordial fermion can participate in the expan-
sion of the universe by means of changing its own parameters. We call this effect
”Cosmo-Particle Phenomenon” and refer to such states as Cosmo-Low Energy
Physics (CLEP) states. A possible way to approach and get up a CLEP state might
be spreading of the non-relativistic neutrino wave packet during its free motion
(that may last a very long time). As the first step in exploration of Cosmo-Particle
Phenomena, we have studied a simplified cosmological model[12],[14],[15] where
the spatially flat FRW universe is filled with a homogeneous scalar field φ and
uniformly distributed non-relativistic (primordial) neutrinos. Some of the features
of the CLEP state in this toy model are the following: neutrino mass increases as
a3/2 (a = a(t) is the scale factor); its energy density scales as a sort of dark energy
and its equation-of-state approaches w = −1 as a → ∞; the total energy density
of such universe is less than it would be in the universe free of fermionic matter
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at all. The described effect of the neutrino contribution into the dark energy is
much stronger than the one studied in Ref.[25].
When including terms quadratic in curvature, these types of models can be
applied not only for the late time universe but also for the early inflationary
epoch. As it has been demonstrated in Ref.[13], a smooth transition between these
epochs is possible in these models.
4.3 Strings, Branes, Horizon and K-K modes.
With the 2-dimensional version of the measure Φ we can construct the world-
sheet density
Φ =
1
2
εabεij∂aϕi∂bϕj. (4.6)
However, a problem appears in the naively generated Polyakov-type string ac-
tion S0 = −
1
2
∫
d2σΦγab∂aX
µ∂bX
νgµν because the equation that results from
the variation of γab yields the unacceptable condition Φ∂aX
µ∂bX
νgµν = 0, i.e.
vanishing of the induced metric on the world-sheet. To remedy this situation we
have considered[16]-[18] an additional term Sg = −
∫
d2σΦLwhere
√
−γLwould
be a total derivative. One can see that without loss of generality, Lmay be chosen
in the form ε
ab√
−γ
Fab where Fab = ∂aAb − ∂bAa, Aa(σ) is an abelian gauge field
on the world sheet of the string.
The action S0+Sg is invariant under diffeomorphismsϕi → ϕ ′i = ϕ ′i(ϕj) in
the space of themeasure fields (so thatΦ→ Φ ′ = JΦ) combinedwith a conformal
(Weyl) transformation of the metric γab: γab → γ ′ab = Jγab The combination
εab√
−γ
Fab is a genuine scalar. In two dimensions it is proportional to
√
FabFab.
The equation of motion obtained from the variation of the gauge field Aa is
εab∂a(
Φ√
−γ
) = 0, which can be integrated to yield a spontaneously induced string
tension T = Φ√
−γ
. The string tension appears here as an integration constant and
does not have to be introduced from the beginning. The string theory Lagrangian
in the modified measure formalism does not have any fundamental scale asso-
ciated with it. The gauge field strength Fab can be solved from a fundamental
constraint of the theory, which is obtained from the variation of the action with
respect to the measure fields ϕj and which requires that L = M = constant.
Consistency demands M = 0 and finally all the equations are the same as those
of standard bosonic string theory.
The described model can be extended[17],[18] by putting point-like charges
on the string world-sheet which interact with the world-sheet gauge field Aa.
Then the induced tension is not a constant anymore and it suffers discontinu-
ous jumps at the points where electric charges are located. The generalization of
this model to the non-Abelian gauge fields is straightforward[17],[18] by using√
TrFabFab instead of
εab√
−γ
Fab (in the non-Abelian case the latter is not a scalar
in the internal space ). In this case the induced tension is identified as the magnitude
of an effective non-Abelian electric field-strength on the world-sheet obeying the standard
Gauss-low constraint. As a result, a simple classical mechanism for confinement
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via modified-measure ”color” strings has been proposed[17],[18] where the color-
lessness of the ”hadrons” is an automatic consequence of the new string dynamics.
We have studied two types of branes: the first one is similar to the kind of
branes well known in literature; the branes of the second type have totally new
features and have no analog in the literature. In order to construct the bosonic
p-branes of the first type, a term of the form ε
a1a2...ap+1√
−γ
∂[a1Aa2...ap+1] has to be
considered instead of the ε
ab√
−γ
Fab. The branes of the second type are constructed[19],[20]
by using
√
FabFab in order to provide the conformal (Weyl) invariance for any p.
For even p the branes must contain light-like directions. In particular, for p = 2
the spherically symmetric solutions automatically adjust themselves to sit at the black
hole horizon. This suggests that the second type of branes can serve as a relevant
candidate for realization of the idea of the black hole membrane paradigm[26]
and of the ’t Hooft approach[27] to description of the degrees of freedom of the
horizon.
In the ”Kaluza-Klein” context we have found[20] solutions describingWILL -
braneswrapped around the internal (compact) dimensions andmoving as awhole
with the speed of light in the non-compact (space-time) dimensions. Although the
WILL-brane is wrapping the extra dimensions in a topologically non-trivial way,
its modes remain massless from the projected d-dimensional space-time point of
view. This is a highly non-trivial result since we have here particles (membrane
modes), which acquire in this way non-zero quantum numbers, while at the same
time remaining massless. In contrast, one should recall that in ordinary Kaluza-
Klein theory, non-trivial dependence on the extra dimensions is possible for point
particles or even standard strings and branes only at a very high energy cost (ei-
ther by momentum modes or winding modes), which implies a very high mass
from the projectedD = 4 space-time point of view.
4.4 Braneworld Scenarios.
A six dimensional braneworld scenario based on a model describing the interac-
tion of gravity, gauge fields and 3 + 1 branes in a conformally invariant way is
described by the action
S =
∫
LΦ(6)d
6x, L = −
1
κ(6)
R(6) +
√
|FCDFCD|, (4.7)
where κ(6) and R
(6) are 6-D gravitational constant and scalar curvature. The ac-
tion of this model is defined using a 6-dimensional version Φ(6) of the measure
Φ. This allows for theory to be conformal invariant. In this theory the branes do
not need to be postulated separately. They result here from delta-function config-
uration of the gauge fields. As it is known,
√
|FCDFCD|-gauge theory allows for
such type of extended object solutions[25],[26]. It was shown in Refs.[25],[26] that
in such a model there is no need to fine tune any bulk cosmological constant or
the tension of the two parallel branes to obtain zero 4-D cosmological constant:
the only solutions are those with zero 4-D cosmological constant. In contrast, the
extra dimensions in these solutions are highly curved.
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Abstract. Unlike the conventional schemes where the fundamental level is assumed to
be simple, the Random Dynamics approach is based on the assumption that there is an
irreducibly complex, random, bottom layer.
The purpose of this paper is to discuss the possible meanings of this assumption.
5.1 Random dynamics
Symmetry is an essential guiding principle in the development of physical the-
ories. The highly successful Standard Model is an outstanding example [1] of
this. According to the StandardModel philosophy, as we go up in energy, we ex-
pect a larger symmetry group. In the search of the ultimate fundamental theory,
Grand Unification [1] is a scenario in this spirit, advocating that at higher ener-
gies there are forces corresponding to larger symmetry groups which break down
at lower energies, ultimately giving rise to the symmetry group corresponding to
the forces we see here at our low energy level.
The striving to reach an ultimate, fundamental force or forces that we find
in the conventional Theory of Everything schemes, is based on the assumption
that all physical phenomena eventually can be brought back onto a finite set of
laws of nature, where a law is characterized by a finite complexity. There are
however some stumbling blocks on this path, such as the inherent randomness
of quantum mechanics. That is hard to reconcile with a conventional Theory of
Everything scheme.
If symmetry is one corner stone in the search for physical laws, another guid-
ing principle is simplicity. This is Occam’s principle - simplicity is “sigillum veri”.
The idea is that fundamental principles are simple, which however does not nec-
essarily imply that Nature itself is “simple” at a fundamental scale, on the con-
trary: as we climb up the energy scale there are more and more degrees of free-
dom, meaning a growing complexity. What goes on at a fundamental scale, like
the Planck scale, is probably enormously complicated and most simply described
in terms of randomness. This is the punch line of Random Dynamics, the theory
developed by Holger Bech Nielsen [2] and his collaborators. Unlike the conven-
tional schemes where fundamentality is assumed to be characterized by simplic-
ity, the Random Dynamics approach is based on the contrary assumption that
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The idea is that a sufficiently complex and general model for the fundamen-
tal physics at or above the Planck scale, will in the low energy limit where we
operate, yield the physics we know. The reason is that as we slide down the en-
ergy scale, the structure and complexity characteristic for the high energy level
is shaved away. The features that survive are those that are common for the
long wavelength limit of any generic model of fundamental supra-Planck scale
physics. The ambition of RandomDynamics is to “derive” [3] all the known phys-
ical laws as an almost unavoidable consequence of a random fundamental “world
machinery”.
According to this scheme, the fundamental “world machinery” is a very gen-
eral, random mathematical structureM, which contains non-identical elements
and some set-theoretical notions. There are also strong exchange forces present.
There is as yet no physics. At some stageM comes about, and then physics fol-
lows.
That the fundamental structureM comes without differentiability and with
no concept of distance, that is, no geometry, implies an apriori lack of locality in
the model. We cannot put in locality by hand, since the lack of geometry forbids
locality to be properly stated. Thus the principle of locality, taken say as a path
way integration
∫De∫ Ld4x with a Lagrangian density L only locally depending
on the fields, cannot be put in before we have space and time.
We are so used to the urge for simplicity in science, that the idea that some-
thing fundamental could be non-simple seems impossible to imagine, the Ran-
dom Dynamics assumption of non-simple fundamental laws thus appears as an
oxymoron. How do we furthermore recognize a law as fundamental if it is non-
simple?
Even more alarming is the Random Dynamics assumption that the funda-
mental level is characterized by a high degree of randomness. The purpose of
this paper is to discuss the possible meaning of this assumption.
5.2 A comprehensible Universe
What does it mean that the world is comprehensible? According to GottfriedWil-
helm Leibniz [4] it means that the Universe is rationally comprehensible: that
God used but a few principles to create the whole Universe, with all its complex
beauty. And that we can backtrack it all by tracing the whole world back to the
laws of nature.
The act of understanding thus amounts to a reduction of complexity, a kind
ofmapping from a set of ideas onto a smaller set of already accepted,well-defined
notions. That is, we look for a cause, which is a phenomenon which is “smaller”
and more general than the phenomenon we want to explain; the ultimate causes
being the laws of nature.
When phenomena that we judge to have a resemblance with each other oc-
cur in a way that however cannot be assigned any regularity or pattern - i.e. no
cause can be defined - we perceive them as random. Something random cannot
be ascribed to some simpler underlying mechanism or algorithm. Albeit the con-
cept of simplicity according to Herman Weyl [5], “ appears to be inaccessible to
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objective formulation...it has been attempted to reduce it to that of probability”,
we think of something simple as opposed to something complex, as something
with few elements related in a transparent way. A simple dress is unadorned,
with a straightforward cut, a simple language usually means short sentences with
common words, and a simple model comprehends uncomplicted rules and few
elements.
There certainly is simplicity out there, in the sense of comprehensible reg-
ularity, otherwise we would not have the insight that we actually have, other-
wise our cars would not be running, our lamps would not be shining.. The ques-
tion is how deep the simplicity sticks, i.e. whether the Universe is simple also at
the most fundamental level - regular, ruled by some few and formulable princi-
ples - or complex, maybe even random, at heart. Is the idea that we should look
for a simple ultimate law or principle, nothing but a prejudice? Maybe nature is
not fundamentally simple, maybe nature is fundamentally quite complex. It may
even be fundamentally random, and yet subjected to simple rules. Or does the
randomness we find in the world only exist on the interface between us and Na-
ture? Whatever the answer is, it is clear that we cannot get rid of the point where
language touches upon Nature, like the nerve of sight touches the eye in the blind
spot.
According to the Random Dynamics approach, the question is not whether
the Universe is complex or not, the question is rather how complex it is, finitely
or infinitely, i.e random.
5.2.1 Randomness
There is a story by Honore´ de Balzac [6] called “The UnknownMasterpiece”. It is
about the young Nicolas Poussin who in the early 17th century came to Paris in
the hope of becoming the apprentice of one of the great painters of his time.
As the Master’s apprentice, the young man every day saw the Master pro-
duce the most exquisite paintings. But the painting that most of all preoccupied
the apprentice’s imagination, was a big canvas standing in a corner, covered by
a piece of cloth. He knew the Master considered it his chef d’oeuvre, and that he
also considered it as unfinished. The Master now and then worked on the canvas,
but never in the presence of the apprentice.
Then one day when nobody else was around, the apprentice gave in to his
curiosity, tiptoed to the chef d’oeuvre canvas, and lifted the cloth. He fixed the
canvas in astonishment, but could not see a thing. The surface was covered with
paint, layer on layer, a meningless chaos of colour. In one corner a first layer of
paint was still visible. There an absolutely perfect human foot stuck out, as from
under a blanket.
In perfecting the painting, the Master had painted and painted on top of the
first layer, hiding every structure under another structure, until all structure was
muddled away. The canvas had become patternless. The young man was staring
at a random pattern.
When we use the word random we think of something disorganized, with-
out a plan. We speak of making a random choice, and mean picking a choice
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from a set of possible choices, without a plan or reason for that particular choice.
Something organized, patterened, on the other hand, is ordered, non-random.
Order and randomness can be assigned to a process, to a number, to a fur-
nished room... This is something we know from everyday life - when we tidy up,
the room becomes tidy, ordered. But how do we produce something random?
Tossing a coin is a classical procedure to obtain a random number. Each
toss is independent and random, in the sense that each toss is a fact that is what
it is, head or tails, for no reason. When you toss a coin N times, and write down
the result by letting 0 and 1 represent heads and tails, you get one of 2N binary
series which all have the same probability. In the traditional understanding of a
random sequence of tokens is a sequence where all the tokens appear with the
same probablitity, so the series obtained by tossing the coin should be reliably
random [7]. Some of the 2N series may however display some recognizable inner
structure, i.e. non-randomness. So merely to emerge from a probabilistic event
does not guarantee randomness.
Something random is by definition not specific, in some sense it is so average
that there is no way of tagging it. To single out a number as being random is thus
an oxymoron - since there is no way to pin down something random, there can
be no consensus about the definition of randomness.
5.3 The axioms at the bottom
A random event is an event that cannot be ascribed a cause, it just happens “for
no reason”. The scheme of explaining a phenomenon by relating it to a cause,
which ultimately is a principle or a law of nature, originates from Euclid’s idea
of mathematical proof: a mathematical truth is established by reducing it to sim-
pler truths until self-evident truths, i.e. axioms or postulates, are obtained. At the
bottom of the world there is a firm layer of true axioms.
That the language for describing the Universe is maths implies that the Uni-
verse is perceived as made out of eternal mathematical truth: like in Plato’s Tima-
eus where the building blocks of the Universe are given, as simple, symmetri-
cal geometrical forms. And mathematical truth is most certainly based on a set
of simple axioms. This was at least David Hilbert’s [8] conviction when he ad-
dressed his colleagues at the International Congress of Mathematicians in Paris
in 1900, where he outlined 23 major mathematical problems to be studied in the
coming century. One of the problems was the the axiomatization of mathemat-
ics: to formulate the axioms onto which all mathematical truth can ultimately be
brought back. This led to the opening of the first Pandora box.
At the end of the 19th century, Georg Cantor [9] had investigated the prop-
erties of infinite sets. His work lead to many worrisome results, so worrysome
in fact, that many mathematicians - including the great Poincare´ - turned against
Cantor. What upset people were the insights brought about by Cantor’s work,
like when he proved that “almost all” numbers are transcendental by proving
that the real numbers were not countable, or the status of reality that he bestowed
on the concept of infinity (Gauss had stated that infinity should only be used as ”a
way of speaking”). Cantor furthermore discovered the set theoretical paradoxes
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that constituted the basis for Bertrand Russell’s [10] work on paradoxes in logic
itself (like in “is the set of all set a member of itself?”).
David Hilbert was an follower of Leibniz, who thought that one could avoid
not only logical paradoxes, but all conflict, by formulating all statements in an
algebraic form (we may laugh at this, but it is noteworthy that the majority of
dissidents in former Soviet-Union were natural scientists and mathematicians,
people for whom retouching of facts is not that easy to swallow). Hilbert thus
had the idea that one could escape paradoxes like Russell’s paradox, by creating a
completely formal axiomatic system. Once all statements were formulated within
this system there would not be room for paradoxes, Hilbert thought.
He expected every formal system to be consistent and complete, and any
well-posed mathematical problem to be decideable, in the sense that there is a
mechanical procedure (for example a computer program) for deciding whether a
statement is true or not. If you can prove both the statement A and the statement
¬A within a given formalism, the formalism is inconsistent. A formal axiomatic
system is moreover complete if any statement A formulated within the system
can be settled by proving or disproving it. That is, from the set of axioms of the
system, you should be able to prove the whole truth and nothing but the truth
implied by these axioms.
Hilbert’s ambition was thus to project all of mathematics onto a formal com-
plete and consistent system. In 1931 Kurt Go¨del [11] however showed that Hil-
bert’s idea that all paradoxes would evaporate when we decide to exclusively
use formal language, was wrong. Go¨del’s point of departure was (a variant of)
the liar’s paradox, which is classically formulated as “this is a lie”, or “I lie now”;
an equivalent statement is “I am unprovable”. Go¨del showed that there is no for-
mal axiomatic system that can make it clear whether a sentence like this is true
or not - the implication being that any formal system, any language, is either
incomplete or inconsistent. Hilbert’s first two demands were thus shown to be
mutually exclusive. Moreover, in 1936, Hilbert’s third demand was abolished as
Alan Turing [12] discovered uncomputability.
A number is computable if there is an algorithm for computing its digits
one by one, approximating it to arbitrary precision. π is a computable number,
even though its decimals may look totally patternless, without redundancy, as its
digits all seem to have the same probability. π however has but finite complexity:,
since there are algorithms [13] for calculating it, like the Bailey-Borwein-Plouffe
algorithm
π =
∞∑
n=0
(
4
8n + 1
−
2
8n + 4
−
1
8n + 5
−
1
8n + 6
)(
1
16
)n
(5.1)
Most real numbers are however not computable. In physics there is a large occur-
rence of measurable albeit non-computable numbers, and likewise inmaths itself.
”A rather startling result” writes Roger Penrose [14] about the fact that the wave
equation with computable initial conditons can have non-computable solutions.
Turing addressed the halting problem, which concerns whether a computer
program can tell in advance if another program will eventually halt or not. He
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concluded that no such program exists, since if you can find a mechanical proce-
dure for deciding whether a computer program will halt, you end up being able
to compute a real number which is not computable, i.e. in self-contradiction.
Do the logical limitations in the formal system constitute limitations to sci-
entific knowledge? Is there moreover any physical Go¨del’s theorem, implying
unanswerable questions and limits to scientific knowledge [15]?
One answer is that the limitations discovered by Go¨del and Turing imply is
that certain mathematical “observables”, i.e. deduced results that scientists can
understand, cannot be obtained. According to this view, since this is informa-
tion that is excluded from the tentative mathematical model, it cannot contribute
to the scientific method and should therefore be discarded. To pay a more se-
rious attention to the limitations within the formal system would namely be to
consecrate mathematical equations with a physical reality that they do not have.
(Einstein: “as far as the propositions of mathematics refer to reality, they are not
certain; and as far as they are certain, they do not refer to reality”).
Physical observation consists of finite detectable information corresponding
to a finite set of domains of real numbers (precision determined by the preci-
sion of the instruments), while a mathematical model is associated with infinitely
precise real numbers, and computer algorithms correspond to a finite set of in-
tegers. These forms of information are thus inherently distinct, to the point that
there is no one-to-one mapping between them. The correlations emerging from
the physical observations are not necessarily the same as those emerging from the
mathematical models or from the computer algorithms, the scientific method is
however expected to supply a relationship between the correlations from physi-
cal observation, and mathematical or computer modelling.
The Go¨delian trap is that we are able to intuit the truth of a sentence without
being able to formally prove it. If you can prove the sentence “this is an unprov-
able sentence”, it is a false sentence. Thus you have formally proven something
false - a terrible oxymoron. On the other hand, if you cannot prove it, albeit you
perceive its truth, you sit in the trap. The crux is that to possess information is
not the same as having knowledge or understanding. Insight and understand-
ing come with the correlations between observables. Since understanding per se
cannot be logically formalized, it cannot be logically proved or disproved either.
5.3.1 Information Theory
In information theory, one studies how to measure the rate at which a message
source generates information. It tells us how to represent or encode messages
from a particular source over a given channel, avoiding errors of transmission.
The question is basically how messages are conveyed from a message source,
such as a writer or speaker, to a recipient. The amount of information in a mes-
sage is measured in bits, one bit being the answer to a yes/no-question. Bits are
thought of as abstract zeros and ones, but information is always encoded in real
physical objects. A string of bits can thus be regarded as a physical resource. The
essential elements of information science, classical or quantum, can be summa-
rized in a three step procedure.
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1. Identify a physical resource - e.g. A string of bits.
2. Identify an information-compressing task, like gunzipping.
3. Identify a criterion for successful completion of 2. (like controling that the
output from the compression stage perfectly matches the input of the compres-
sion stage).
The fundamental question of information science is then “what is the mini-
mal quantity of physical resource 1. needed to perform the information process-
ing task 2. in compliance with the success criterion 3”.
In classical information science it can be stated as “what is the minimum
number of bits needed to store the information produced by some source”? This
was solved by Shannon in 1948 [16]. Shannon quantified the information content
produced by an information source, defining it to be the minimum number of bits
needed to reliably store the output of the source.
5.3.2 Algorithmic Information Theory
While classical information theory (Shannon[16], Wiener[17]) uses concepts like
ensembles and probability distributions, Algorithmic Information Theory [18] in-
stead focuses on individual objects, by posing questions like: what is the size of
the smallest program for calculating a given object, how many bits are needed
to compute it? In algorithmic information theory the complexity of an object is
measured by the size (say in bits) of the smallest algorithm generating it, i.e. the
amount of information needed to give to a computer in order to have it perform
a given task. The size of a computer program is analogous to the degree of dis-
order of a physical system, algorithmic information theory in this way supplies
a definition of what it means for a string to be unstructured, i.e. random. Ac-
cording to algorithmic information theory the simplest theory is defined as one
corresponding to the smallest algorithm, that is, the scheme using the fewest bits.
As algorithmic complexity of a sequence is measured as the length of the
smallest algorithm that reproduces the sequence in question, randomness refers
to something that informationwise cannot be compressed at all. A completely
random sequence requires an algorithm as long as the sequence itself, i.e. some-
thing random is algorithmically incompressible or irreducible. Most strings are
moreover algorithmically irreducible and therefore random.
Consider a string of the length of N bits. The algorithmic information content
of such a string is (generically) H(S) ≤ N +H(N), where H(N) is the algorithmic
information content for N in the base-2,H(N) given as H(N) ∼ N+ logN.
For strings that have some pattern or regularity,H(S) < N+H(N), while for
strings that have no regularities that could diminish their information content,
H(S) = N + H(N). Such strings are random or algorithmically incompressible,
the border between random and non-random occurring at H(S) ≈ N. The proba-
bility that an infinite sequence obtained by tossing a (fair) coin is (algorithmically)
random is 1, while the calculation of the first N bits of π takes H(N) ≈ logN bits,
implying that π is definitely a non-random number.
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5.3.3 Attempts to define randomness
Order and randomness are both characteristic of the set of relations between parts
of a system, not of the parts themselves. It is a whole system of entities that is
random or ordered.
While “order” is a very special way of organizing the parts of a system (think
of a tidy room), a random state is “typical”, non-specific, and thus has no distin-
guishing features (think of all the different ways a room can be untidy). Accord-
ing to the traditional understanding of randomness, the parts of a random sys-
tem are all on the same footing - complete democracy, complete symmetry rule.
In that sense it is patternless and very hard to define, indeed impossible. To see
this, assume that you actually can single out a random number. The property of
being random is then a feature that makes random numbers stick out. But since
randomness is by generic, non-specific, this is a self-contradiction, implying that
there cannot be any definitive definition of randomness. The more one tries to pin
it down, the more evasive it becomes. Every definition of randomness therefore
has a taint of something preliminary.
In algorithmic information theory, the degree of randomness of a given se-
quence is however established in terms of the smallest algorithm that reproduces
the sequence in question. If this algorithm is as long as the sequence itself, the
sequence is considered as random. This still does not ensure that something is
random in any absolute sense, it merely establishes a randomness hierarchy. It is
thus impossible to prove randomness, but non-randomness can be stated exactly.
We may establish that a number is not random by finding an algorithm that gen-
erates it, but we cannot by the same means establish that a number is random:
that I have not succeeded to find an algorithm generating it does not prove that
the number is random. How can I know that I will not find such an algorithm
tomorrow - I cannot prove that such an algorithm will never be found. In this
sense the property of randomness is unprovable. The definition of randomness
is by necessity heuristic and preliminary - we can never say if there is some al-
gorithm that is yet to be discovered. According to the algorithmic information
theory scheme, the Random Dynamics philosophy thus means that fundamental
algorithms and laws are not necessarily short.
The program-size randomness also implies that something random is undis-
tinguished and typical. Incompressibility is characteristic of something typical or
generic - i.e. there is no structure that singles out this object, that makes it non-
random [20]. The only way to describe a random thing is by stipulative definition,
to point at it: here it is!
So, something is random if we cannot find an algorithm, i.e. a shorter de-
scription, from which we can derive the structure in question: no redundancies
remain to be removed. This clearly is true for the elementary parts of a system,
like the axioms in an axiomatic system. In this sense axioms, and indeed any el-
ementary entity is also - trivially - random. (A Go¨delian statement, impossible to
prove or disprove, is thus also a sort of axiom).Whenwe speak of randomness we
however usually do not mean the trivial randomness of axioms. When we speak
of randomness and order, we mean properties of systems above the elementary,
axiomatic level.
58 A. Kleppe
In the causal explanatory scheme, it is assumed that if it were possible to
control all the influences over a physical experiment, the outcome would always
be the same. Therefore, since a random event cannot be ascribed a well-defined
cause, randomness is often perceived as a lack of knowledge, an ignorance on
the part of the observer, In quantum mechanics it assumed to be possible to set
up an experiment with perfect control of all relevant parameters. Even in such an
experiment the outcome can still be totally random. There have been unsuccessful
attempts to save the situation by means of “hidden variables”; the randomness
of the outcome however remains, indicating that the world might be irreducibly
random.
A large body of non-random physics and maths has been formulated, but
quantum physics places randomness at the fundamental level of physics, and
even in classical mechanics we find unpredictability and randomness. But this
does not prove that there is an innermost random core - maybe what we perceive
as random today, will one day be punctuated, maybe it is our ignorance that
speaks, not nature’s fundamental properties!
5.4 The emergence of order
In the Random Dynamics scheme, the world is assumed to be fundamentally
random. If one takes this view, the question is how order emerges, the order we
see, in the form of symmetry, laws, all the organized forms - in short, the world we
live in! Can there be an inherent randomness in a world with such a high degree
of organization? To explain the emergence of the observed order of the world,
is one of the challenges of the Random Dynamics scheme, while the ontological
state of randomness remains a matter of discussion.
Some proponents claim that the world contains real randomness, others that
what we believe is randomness is really pseudo-randomness.
A third approach is that randomness may exist in the realm of mathematics,
while not in the physical world. An proponent of this view is physicist Karl Svozil
[19], who claims that the randomness displayed in quantum mechanics is a mat-
ter of ignorance. He believes that a new, deeper hidden-variable quantum theory
will eventually emerge, which amends the present quantum theory and gives us a
randomness-free, deterministic theory. Svozil however accepts that mathematics
contains real randomness.
5.4.1 Apparent randomness
According to the rationalist view of the physical world, everything happens for a
reason, implying that the Universe is logical and comprehensible. Supporters of
this view claim that there is no real randomness, only pseudo-randomness exixts.
This is the kind of randomness produced by random-number generators, which
are deterministic sequences of numbers generated by algorithms (not by quan-
tum mechanical processes!). The Universe is accordingly deterministic, governed
by deterministic physical laws: - the world has finite complexity. According to
this view, albeit the world looks so complex, it is really quite simple, like in the
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case of π. We just don’t know the underlying law, or algorithm, therefore this
overwhelming impression of complexity and even randomness. This resembles
the classical picture, where we formulate a story based on observations, and then
deal with the information content of that story by using mathematics, with the
intention of pinning down the substructure of laws and principles.
π really constitutes a very interesting example. The number π looks impossi-
bly convoluted, while the geometrical relationship defining π is quite simple.
And indeed, the number π turns out to be non-random. The simple, transpar-
ent geometrical description of π constitutes an algorithm with finite complexity,
indicating that there should also exist numerical algorithms for generating the
number π.
In his book “ANewKind of Science” [21], StephenWolfram reports on a sys-
tematic computer search for simple rules with very complicated consequences. In
traditional physics one studies systems that satisfy certain constraints. Wolfram
instead studies systems that develop according to given algorithms, and subse-
quently asks what pattern or algorithm corresponds to a given constraint, if any.
He looks for fundamental algorithms rather than for fundamental laws, by inves-
tigating the emergence of organized patterns in a system of cellular automata, us-
ing simple rules a` la the Game of Life. Challenging the Pythagorianian “Number
rules the Universe”, Wolfram asserts that it is not number that rules the Universe,
but Algorithm. Namely discrete algorithm.
Wolfram’s claim is moreover on the line with that of digital philosophy [22],
which advocates that everything fundamentally comes in discrete bits. That im-
plies a picture of the world as a giant digital information processor, a computer,
in agreement with algorithmic information theory. This challenges traditional
physics which is based on continuous mathematics. Digital philosophy is really
a scheme for describing the world in terms of automata theory. The assumption
is that everything fundamental is atomic or discrete, and the continuous flow of
time is replaced by a sequence of time steps. So the basis of digital philosophy is:
• All information can ultimately be digitally represented.
• All change in information is due to digital information processes.
According to digital philosophy a physical state is represented by a pattern of
bits, like in a computer. The digital philosophy bits exist in a digital spacetime,
and each point contains 1 bit of information. Digital spacetime thus consists of
bits that all have integer coordinates. A digital philosophy model is always spe-
cific, unlike a mathematical model that is generic. Every digital mechanics model
can be put into a computer where it runs and evolves. In physics, if space and
time are discrete, all other physical quantities must also be discrete. In digital
philosophy, the dynamics of a system is therefore described by difference equa-
tions, which can be transformed into computational algorithms.
A simple example of cellular automata is a fixed array of cells together with
the rule that a cell becomes black if one of its neighbours is black:
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One of the features that cellular automata and Turing machines have in com-
mon is that they consist of a fixed array of cells. The colours and arrangement of
colours vary, but the number and organization of cells remains constant. With a
substitutions system onemay however also change the number of elements, if the
substitution law e.g. implies to replace each element by a block of new elements.
To complicate the matter further, one can combine the substitution of elements
with some form of interaction between the elements. The changes then depend
both on the “internal properties” of each element, as well as on its environment.
By studying cellular automata that develop according to given algorithms,
Wolfram found that behaviour of great complexity can be produced by certain
rules starting from certain initial states. Other systems than cellular automata can
also develop complexity, Wolfram indeed concludes that complexity is a univer-
sal phenomenon that is quite independent of the details of the given system. If
the rules governing a system are simple enough, the systemwill display very sim-
ple, repetetive behaviour. With rules somewhat less simple, nesting will appear,
namely self-similar, fractal patterns. As the complexity in the underlying rules
goes beyond a certain critical value, the system’s overall behaviour will be com-
plex. The criticality threshold is typically rather low, meaning that the deviation
from simplicity is not very large. Quite simple rules may lead to a complex be-
haviour. Moreover, once the critical value has been passed, adding complexity to
the underlying rules does not increase the complexity of the system’s behaviour.
So the stages from simplicity to complexity can be described by repetition,
nesting and complexity. The typical types of behaviour are quite universal and
practically independent of the underlying rules. Behaviour with non-random
features can develop even from completely random initial conditions, there are
many instances of cellular automata that start from random initial conditions and
quickly settle down in a stable state. The end result is not necessarily “simple”
and transparent, it may be quite complicated, almost random. But also in a ran-
dom final state, there is almost always some small non-random structures that
emerge in the evolution of the system. The most complex results lie between the
extremes where the end result is a completely trivial, uniform state; or a seem-
ingly random state. In the complex final state the cellular automata are organized
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in a set of definite localized structures that do not remain fixed but move around
and interact with each other.
The patterns that emerge, quite different among themselves, fall into four
fundamental types of patterns or classes, numbered in growing order of com-
plexity:
Class 1. displays very simple behaviour: almost all initial conditions lead
to the same uniform final state. The information about the initial conditions is
simply wiped out and the same final state is reached, redardless of the initial
conditions.
Class 2. emcompasses many different final states, but they all display a cer-
tain set of simple structures that remain the same or repeat every few steps.
Changesmay persist, but are always localized in some small region of the system.
That is, the information about the initial conditions always remains, but localized
and not communicated from one part of the system to the others.
Class 3.more complicated, more random; but at some level some small-scale
structures exist. Any change that is made typically spreads with a uniform rate
throughout the system. That is, there is a long-range communication of informa-
tion.
Class 4.mixture of order and randomness. Changes also spread here, but in
a more sporadic way than in the class 3.-systems.
Class 1. And 2. rapidly settle down to states in which there is essentially no
further activity, while class 3.-systems continue to change at each step; class 4.
systems are somewhere between class 3 and the two first classes. The differences
between the classes reflect that systems from different classes handle information
in differentways. Also continuous cellular automata - where the underlying rules
involve parameters that vary smoothly between 0 and 1 - can be classified in
accordance with this scheme.
5.4.2 Randomness at the heart of mathematics
Unlike StephenWolfram, Gregory Chaitin [23] is convinced that true randomness
exists. The crux is to pin it down.
According to Chaitin Go¨del’s and Turing’s discoveries indicate that there
is an inherent randomness in mathematics, Chaitin furthermore formulated the
source of randomness at the heart of mathematics [24]. Chaitin’s reasoning goes
as follows: equations can be classified according to their numbers of solutions.
For example, some equations have no solutions, like x = x + 4, or one solution,
like 4x = 12, or two solutions, like x2 = 3x− 5, or an infinite number of solutions,
like (1 + x)2 = x2 + 2x + 1. Now, Chaitin has found an equation for which it
is mathematically undecideable whether it has a finite or an infinite number of
solutions, leading to the definition of the numberΩ = the probability that a prob-
abilistically generated program will ever terminate. This number is so random
that not one sole of its digits can be predicted!
The prescription for the random numberΩ starts with running a program on
a computer. Each time the computer requests the next bit of the program, insert
the result obtained by flipping a fair coin. The computer must decide by itself
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when to stop reading the program, this turns the program into self-delimiting
binary information. For each program p that halts, sum the probailities of getting
precisely that program by chance:
Ω = Σ(program p halts)
1
2P
(5.2)
where P is the size in bits of the program p. Each n-bit self-delimiting program p
that halts contributes 1/2n to the value ofΩ.
Ω is an algorithmically random or irreducible number, thus a formal alge-
braic system can determine only finitely many bits of such a number; really only
as many bits of Ω as its own complexity. The only way to determine the bits of
Ω is thus to put the information directly into the axioms of the formal algebraic
system. There are thus no short-cuts, no algorithms to compress the information
needed to generateΩ. The information needed to generateΩ isΩ itself. The bits
of Ω are logically irreducible, i.e. cannot be obtained from axioms simpler than
they are.
Mathematics thus contains randomness - the bits of Ω. That doesn’t mean
that mathematics is random in the sense of being arbitrary. It means that math-
ematics contains irreducible information, like Ω. Ω is, both algorithmically or
computationally and logically, i.e. by means of proofs, irreducible. No shift of
perspective, no reparametrization can make Ω more transparent, like for exam-
ple in the case of π. This means that Ω has many of the characteristics of the
typical outcome of a random process.
Ω is a random real with lots of meaning, since it contains lots of information
about the halting problem. This information is stored inΩ in an irreducible fash-
ion, with no redundancy. Once redundancy is squeezed out of something mean-
ingful, it may look meaninglesseven though it is in reality dense with meaning.
Just like theMaster’s chef d’oeuvre. A random patternmay bemeaningless or ex-
tremely meaningful, there is no way to distinguish. That is the crux of the matter.
This implies that the mathematical Universe is infinitely complex, and thus
the whole of mathematical ideas cannot be comprehended in it entirety. This is
Chaitin’s radical refutation of Hilbert’s project of summing all of mathematics up
by formulating the set of mathematical axioms.
5.5 Conclusion
It is by definition impossible to formulate an exact definition of randomness, but
degrees of randomness can nevertheless be established, and most precisely so in
algorithmic information theory. There are divergeing opinions about the ontolog-
ical state of randomness. While some claim that what we take for randomness is
only an effective pseudo-randomness, others state that randomness exists at the
heart of mathematics, and most probably also at the heart of physics.
Go¨del’s, Turing’s and Chaitin’s work certainly gives strong support to a fun-
damental randomness, as advocated by Random Dynamics, which on the one
hand concerns the choice of a primary set M from the set M of all generic sets
or proto-models. The choice is random in the sense that any set of such general
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nature will do. Nature pickedM, but could just as well have pickedM ′. The ran-
domness of choice ofM can be interpreted as the type of randomness that occurs
in coin tossing.
The randomness inherent in the structure of the setM corresponds to a lack
of an organizing principle governing the elements ofM, as energy and informa-
tion are evenly distributed over all the degrees of freedom. Only by going down
in energy is redundancy added to the system, allowing the information that is
inherent in M to be displayed. The elements of M are different, yet undistin-
guishible, because there is not enough structure at hand to enable categorization
of the elements. This randomness inherent in the composition ofM implies that
“algorithms” or recipes for generating a set likeM can by no means be short.
References
1. S. Weiberg, The Quantum Theory of Fields, Vol. II, Cambridge University Press, 1996
2. H. B. Nielsen (Bohr Inst.) NBI-HE-89-01, Jan 1989, NBI-HE-91-04, Feb 1991; C. D. Frog-
gatt and H. B. Nielsen, Origin of Symmetries, World Scientific, 1991; H. B. Nielsen,
S. E. Rugh (Bohr Inst.). NBI-HE-92-85; H. B. Nielsen, C. Surlykke, S. E. Rugh (MIT,
LNS). NBI-HE-93-48-REV, NBI-HE-93-48, hep-th/9407012; and also: randomdynam-
ics.is.dreaming.org
3. H. Bech Nielsen, “Chaos in the fundamental forces?”, talk presented at International
Symposium on Quantum Physics and the Universe; Tokyo, Japan, 19-22 Aug 1992.
4. G. W. Leibniz, Discours de la me´thode; 1686.
5. H. Weyl, Philosophy of Mathematics and Natural Science, Atheneum, New York 1963
6. H. Balzac, ”Le chef-d’oeuvre inconnu”, 1837
7. J. Ford. How random is a coin toss? Physics Today 40, 1983, 40-47
8. D. Hilbert, Address of 1900 to the International Congress of Mathematicians in Paris,
http://www.mathematik.uni-bielefeld.de/∼kersten/hilbert/rede.html
9. E. T. Bell, Men of Mathematics, New York, Simon and Schusler inc, 1937
10. B. Russell, Principia Mathematica 1911;
http://www.mcmaster.ca/russdocs/russell1.htm; plato.stanford.edu/entries/russell-
paradox
11. www − gap.dcs.st − and.ac.uk/˜history/Mathematicians/Godel.html;
http://www.oup-usa.org/gcdocs
12. A M. Turing, On Computable Numbers, with an Application to the Entschei-
dungsproblem, Proc. London Math. Soc. (2), 42, 1937, 230-265.
13. http://www.cecm.sfu.ca/pi/
14. R. Penrose, The Emperor’s NewMind, Oxford Univ. Press 1989.
15. I. Kan, Bull. Amer. Math. Soc 31, 68, 1994 and J. L. Casti and J. F. Traub, “On limits”,
Santa Fe Institute report 94-10-056, 1994
16. C. E. Shannon, The Bell System Technical Journal, Vol. 27, pp. 379 and 623, July, Octo-
ber 1948
17. Norbert Wiener, Cybernetics 1948, 2nd ed. MIT Press 1965, ISBN: 026273009X
18. G. Chaitin, Complexity 1:4 (1995/1996), 55
19. K. Svozil in www.cs.auckland.ac.nz/CDMTCS/researchreports
20. G. Chaitin, Int. J. of Theor. Phys. 22, 1989, 941
21. S. Wolfram, A New Kind of Science, WolframMedia, 2002 ISBN
22. E. Fredkin, Physica D 45, 1990 254-270
23. G. Chaitin, EATACS Bulletin, June 2002, vol. 77, 167
24. G. Chaitin, Journal of Universal Computer Sci. 2, No. 5, 1996, 270
BLED WORKSHOPS
IN PHYSICS
VOL. 5, NO. 2
Proceedings to the 7th Workshop
What Comes Beyond . . . (p. 64)
Bled, Slovenia, July 19-31, 2004
6 An Example of Kaluza-Klein-like Theories
Leading After Compactification to Massless Spinors
Coupled to a Gauge Field—Derivations and Proofs
N. Mankocˇ Borsˇtnik1, H. B. Nielsen2 and D. Lukman1
1 Department of Physics, University of Ljubljana, Jadranska 19, SI-1111 Ljubljana
2 Department of Physics, Niels Bohr Institute, Blegdamsvej 17, Copenhagen, DK-2100
Abstract. The genuine Kaluza-Klein-like theories (with no fields in addition to gravity
with torsion) have difficulties with the existence of massless spinors after the compactifi-
cation of some of dimensions of space[1]. We wrote a letter[11] in which we demonstrate
on an example of a torus - as a compactified part of an (1+5)-dimensional space - that
there exists a Kaluza-Klein charge - as a consequence of boundary conditions leading to
allowance of torsion - which couples chirally a spinor to the correspondingU(1) field and
splits a real spinor representation in the (1+3) space into two parts, each of different hand-
edness and different Kaluza-Klein charge, making the mass protection mechanism work.
We also showed on a very special example how the procedure goes. In this contribution
we present in addition in details most of proofs, needed in this letter.
6.1 Introduction
Genuine Kaluza-Klein-like theories, assuming nothing but a gravitational field in
d-dimensional space (no additional gauge or scalar fields), which after the spon-
taneous compactification of a (d − 4)-dimensional part of space manifest in four
dimensions as all the known gauge fields including gravity, have difficulties[1]
with masslessness of fermionic fields at low energies. It looks namely very diffi-
cult to avoid after the compactification of a part of space the appearance of repre-
sentations of both handedness in this part of space and consequently also in the
(1+3)-dimensional space. Accordingly, the gauge fields can hardly couple chirally
in the (1+3) - dimensional space.
In an approach by one of us[4,5] it has long been the wish to obtain the gauge
fields from only gravity, so that ”everything” would become gravity. This ap-
proach has taken the inspiration from looking for unifying all the internal degrees
of freedom, that is the spin and the charges into only spins. This approach is also
a kind of the genuine Kaluza-Klein theory, suffering the same problems, with the
problem of getting chiral fermions included, unless we can solve them.
It is the purpose of this contribution to present (most of) detailed deriva-
tions and proofs for statements and lemmas, used in the letter[11], where we
pointed out on an example of a torus-shaped compactifying space (a flat M1+5
space with the SO(1, 5) symmetry compactifying into a flat M1+3 part of space
with the SO(1, 3) and S1 × S1 symmetry) that using a gravitational field with a
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vielbein and a spin connection and a torsion (comming from the boundary condi-
tion) on a torus, we indeed achieve to get a chirally coupled genuine Kaluza-Klein
originating gauge fields!
We assume an action for a free field, which is linear in the Riemann scalar and
in first order formulation. In a two dimensional compactified part of space, the
Euler-Lagrange equations of motion for a free gravitational field with zweibein
and spin connection fields give no conditions on the fields. It is the requirement
that a covariant derivative of vielbeins is zero, which relates spin connections,
vielbeins and a torsion. There are also boundary conditions, which put limitations
on these fields.
By applying a special (physical) choice of boundary conditions on a meeting
place of patching regions of a two-dimensional manifold we make the ”curva-
ture” integral
∫
ω56[σ,τ] dx
σdxτ to be proportional to an integer, and accordingly
quantized - as we can quantize a magnetic flux through a two dimensional sur-
face1.
We then prove that there exists in this case a conserved Kaluza-Klein gauge
charge, which by marking a representation, enables the choice of the representation of
only one handedness. Accordingly a ground state solution of the Weyl equation
in (1+3)-dimensional ”realistic” space is massless and mass protected as well as
coupled chirally to the U(1) gauge field represented by the corresponding spin
connection and vielbein fields.
We first study solutions in the two-dimensional compactified space as essen-
cially decoupled from (1+3)-dimensional space. We found that equations of mo-
tion allowed torsion. We are able to prove that the Kaluza-Klein gauge field in-
duced couples chirally to the Weyl-spinor from the (1 + 3)- dimensional point of
view.
This contribution is, except for the proofs, the repetition of the letter, sent to
Phys. Lett.[11].
6.2 Weyl spinor in gravitational fields with spin connections
and vielbeins
We let a spinor interact with a gravitational field through vielbeins fαa (inverted
vielbeins to eaα with the properties e
a
αf
α
b = δ
a
b, e
a
αf
β
a = δ
β
α ) and spin
connections ωabα
(γap0a = 0)ψ, p0a = f
α
ap0α, p0α = pα −
1
2
Sabωabα. (6.1)
The operators γa fulfill the Clifford algebra {γa, γb}+ = 2η
ab. Latin indices a,
b, m, n,. . . s, t, . denote a tangent space (a flat index), while Greek indices α, β,
. . . ,µ, ν, . . . , σ, τ denote an Einstein index (a curved index). Letters from the be-
ginning of both the alphabets indicate a general index (a, b, c, .. and α,β, γ ), from
the middle of both the alphabets the observed dimensions 0, 1, 2, 3 (m,n, .. and
µ, ν, ..), indices from the bottom of the alphabets the compactified dimensions
1 Here and in what follows [, ] denotes the anti symmetrization with respect to µ and ν.
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(s, t, .. and σ, τ, ..) Taking into account that γaγb = ηab − 2iSab, {γa, Sbc}− =
i(ηabγc − ηacγb), one easily finds
(γap0a)
2 = p0
ap0a +
1
2
SabScdRabcd + SabT βabp0β,
Rαβcd = ωcd[α,β] +ωce[αωedβ],
T aαβ = ea[α,β] +ωab[αebβ]. (6.2)
We require[9] that the total covariant derivative of a vielbein eaα is equal to
zero
eaβ;α = 0 = e
a
β,α +ω
a
bαe
b
β − Γ
γ
βαe
a
γ. (6.3)
FromEq.(6.3) it then follows that the covariant derivative of ametric tensor gαβ =
eaαeaβ is also equal to zero gαβ;γ = 0. Eq.(6.3) connects the spin connections
ωabα, vielbeins and the quantity Γ
α
βγ, whose antisymmetric part is a torsion
T aαβ = Γaαβ − Γaβα, in agreement with the definition of the torsion in Eq.(6.2).
The symmetric part is the Christoffel symbol {αβγ} Γ
α
βγ = {
α
βγ} + Kαβγ, with
{αβγ} =
1
2
gαδ(gδγ,β + gδβ,γ − gβγ,δ), gαβ = e
a
αeaβ, and g
αβ = fαaf
βa. Kαβγ is
a tensor of a contorsion Kαβγ = 12(T αβγ − T γαβ + T βγα).
We assume the Einstein action for a free gravitational field, which is linear in
the curvature
S =
∫
ddx E R,
R = fα[afβb] (ωabα,β −ωcaαω
c
bβ), (6.4)
with E = det(eaα). Varying this action with respect to spin connections and viel-
beins, for a general d > 2, equations of motion follow accordingly for spin con-
nections and vielbeins, which allow in general case to express spin connections
in terms of vielbeins.
Statement 1: Spin connections are for d > 2 and the action of Eq.(6.4) express-
ible in terms of vielbeins as follows
ωabα = −
1
2E
{
edα[e[aγ∂β(Ef
γ
[b]
fβd]) − e
d
γ∂β(Ef
γ
[a
fβb])]
}
+
1
(d − 2)E
{
e[bαe
d
γ∂β(Ef
γ
[d
fβa]])
}
, (6.5)
where [a...b]means, that the expression must be antisymmetrized with respect to
a, b. The proof is presented in subsection 6.2.1.
This is not, however, the case for d = 2.
Statement 2: For d = 2, variations of the action (6.4)with no sources with respect
to ωabα and f
α
a bring no conditions on either of these two types of fields, so that any
zweibein and any spin connection can be assumed. The proof for this statement is
presented in subsection 6.2.2.
For this particular case of d = 2, the only limitation on zweibeins and spin
connections might come from boundary conditions. Accordingly (6.3) can be un-
derstood as the defining equation for Γαβγ, for any spin connection and any zweibein,
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which fulfill desired boundary conditions. Because of these facts, the Euler index
Euler index =
∫
ddx E R, with
R = Rαβδγδδαgβγ
= ({αβγ},δ − {
α
βδ},γ + {
α
σδ}{
σ
βγ}− {
α
σγ}{
σ
βδ})δ
δ
αg
βγ, (6.6)
is not in general equal to R, with R = (fαfβb − fαbfβa) ωabα,β. (the qudratic term
inωabα from Eq.(6.4) contributes nothing in the case of d = 2.). These twoR and
R are independent[12].
6.2.1 Proof of Statement 1
Proof for Statement 1:We vary the action for vielbeins and spin connections, linear
in the curvature, in the presence of a spinor field
S =
∫
ddx ER+
∫
ddx EΨ¯γd
(
−
1
2
Sabωabα
)
fαdΨ. (6.7)
first with respect toωabα. It then follows
0 =
∫
ddx Eδωabα ·
(
∂R
∂ωabα
−
1
2
Ψ¯SabfαdΨ
)
=
∫
ddx ∂β
(
Efα[af
β
b]δωcdαη
acηbd
)
(6.8)
+
∫
ddx δωabα
{
−∂β
(
Efα[af
β
b]
)
+ Eωcaβf
β
[cf
α
b] −
1
2
EΨ¯fαdγ
dSabΨ
}
The above relation can be rewritten as
1
E
∂β
(
Efα[af
β
b]
)
+
1
2
Ψ¯fαdγ
dSabΨ = fα[aωb]
c
c − f
α
cω[b
c
a]. (6.9)
Multiplying this equation with the vielbein eaα and summing over the two in-
dices, which appear twice, we end up with the relation
(d − 2)ωb
c
c =
1
E
∂β
(
Efα[af
β
b]
)
+
1
2
Ψ¯fαdγ
dSabΨ. (6.10)
To express ωa
e
b in terms of vielbeins, we first multiply Eq.(6.9) with e
e
α and
sum over α
ωa
e
b −ωb
e
a =
1
E
eeα∂β
(
Efα[af
β
b]
)
+
1
2
Ψ¯γeSabΨ− δeaωb
c
c + δ
e
bωa
c
c. (6.11)
Then we denote the left hand side of Eq.(6.11) by −Ab
e
a
Ab
e
a = −ωa
e
b +ωb
e
a
= −
(
1
E
eeα∂β
(
Efα[af
β
b]
)
+
1
2
Ψ¯γeSabΨ− δeaωb
c
c + δ
e
bωa
c
c
)
.(6.12)
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The quantity −Ab
e
a is antisymmetric in the first two indices: Ab
e
a = −A
e
ba.
The linear combination Aab
e +Aeab −Ab
e
a is proportional toωab
e
ωab
e =
1
2
(Aab
e +Aeab −Ab
e
a) . (6.13)
Taking into account the relation(6.11) with suitably permuted indices we obtain
finally
ωab
e = −
1
2E
{
ebα ∂β(Ef
α[efβa]) + eaα ∂β(Ef
α
[bf
βe])
− eeα ∂β
(
Efα[af
β
b]
)}
−
1
4
{
Ψ¯
(
γ[bS
e
a] − γ
eSab
)
Ψ
}
−
1
d − 2
{
δea
[
1
E
edα∂β
(
Efα[df
β
b]
)
+
1
2
Ψ¯γdSdbΨ
]
− δeb
[
1
E
edα∂β
(
Efα[df
β
a]
)
+
1
2
Ψ¯γdSdaΨ
]}
.
To obtain the exression for ωabα in terms of vielbeins, we multiply the above
equation with eeα and sum over e
ωabα = −
1
2E
{
eeαebγ ∂β(Ef
γ[efβa]) + eeαeaγ ∂β(Ef
γ
[bf
βe])
− eeαe
e
γ ∂β
(
Efγ[af
β
b]
)}
−
eeα
4
{
Ψ¯
(
γeSab +
3i
2
δe[bγa]
)
Ψ
}
−
1
d − 2
{
eaα
[
1
E
edγ∂β
(
Efγ[df
β
b]
)
+
1
2
Ψ¯γdSdbΨ
]
− ebα
[
1
E
edγ∂β
(
Efγ[df
β
a]
)
+
1
2
Ψ¯γdSdaΨ
]}
. (6.14)
This complets the proof.
6.2.2 Proof of Statement 2
For d = 2 the relation follows
Efσ[sf
τ
t] =
1
εσ ′τ ′fσ
′
s ′fτ
′
t ′εs
′t ′
fσ[sf
τ
t],
=
1
4
εστεst
1
εσ ′τ ′fσ
′
s ′fτ
′
t ′εs
′t ′εσ ′′t ′′
fσ
′′
[s ′′f
τ ′′
t ′′]ε
s ′′t ′′
=
1
4
εστεst. (6.15)
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Since for d = 2 the variation of the action (6.4) without sources with respect
toωstσ gives
∂τ(Ef
σ
sF
τ
t) = 0 = ∂τ(
1
4
εστεst), (6.16)
which is obviously zero, we must conclude that this variation gives no relation
between spin connections and vielbeins and no condition on either of them.
Variation of the same action (again without sources) with respect to vielbeins
leads to the equation
− esσR+ 4f
τtωstσ,τ = 0, (6.17)
which is trivially zero for any R. This can be seen by multiplying the above
equation by fσs and summing over the two indices σ and s. It follows then that
(d − 2)R = 0. The proof is completed.
6.3 Spinors inM(1+5) space
The operator of handedness Γ (d) is one of the invariants[5] of the Lorentz (and
the Poincare´) group
Γ (d) : = id/2
∏
a
(
√
ηaaγa), if d = 2n, (6.18)
with the product of γa’s to be understood in the ascending order with respect to
the index a. One finds that since in even dimensional spaces Γ (d) anticommutes
with γa, it also anticommutes with the Weyl equations of motion operator for
a free spinor {Γ (d), γapa}+ = 0, if d = 2n, while M
ab (= Lab + Sab) is the
constant of motion {Mab, γcpc}− = 0.
Making use of the technique for generating spinor representations from the
Clifford algebra objects[6,5,4] one can write down a Weyl representation for an
even d as a product of d/2 nilpotents
ab
(k) and projectors
ab
[k], which have the prop-
erty: Sab
ab
(k)= k
2
ab
(k) and Sab
ab
[k]= k
2
ab
[k], with Sab = i
4
{γa, γb}− and k
2 = ηaaηbb.
In Table 6.1, one Weyl representation of SO(1, 5) is presented, with the choice of
a starting state:
03
(+i)
12
(+)
56
(+). There are four basic states, two right handed spinors
with respect to the subgroup SO(1, 3) (Γ (1,3) = 1) with the ”S56 charge” equal to
+1/2, and two left handed spinors with respect to the group SO(1, 3) (Γ (1,3) = −1)
with the ”S56 charge” equal to −1/2.
A free spinor in d(= 1 + 5)-dimensional space with a momentum pa =
(p0,−→p ), obeying the Weyl equations of motion (γapa = 0)ψ, is inM1+5 a plane
wave, with the spinor part, which is a superposition of the vectors, presented in
Table 6.1
ψ(p) = e−ip
axaN
{
03
(+i)
12
(+)
56
(+) −
p0 − p3
p5 − ip6
03
[−i]
12
(+)
56
[−]
+
p1 + ip2
p5 − ip6
03
(+i)
12
[−]
56
[−]
}
, (6.19)
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i ψi Γ
(1,5) Γ (1,3) Γ (2) S12 S03 S56
1 ψ1
03
(+i)
12
(+) |
56
(+) -1 +1 -1 +1/2 +i/2 +1/2
2 ψ2
03
[−i]
12
[−] |
56
(+) -1 +1 -1 -1/2 -i/2 +1/2
3 ψ3
03
[−i]
12
(+) |
56
[−] -1 -1 +1 +1/2 -i/2 -1/2
4 ψ4
03
(+i)
12
[−] |
56
[−] -1 -1 +1 -1/2 +i/2 -1/2
Table 6.1. A left handedWeyl representation of SO(1, 5) is presented in terms of nilpotents
ab
(k) and projectors
ab
[k], which are ”eigenvectors” of the Cartan sub algebra S12, S03, S56 . The
handedness Γ (1,5) = γ0γ1γ2γ3γ5γ6 = 8iS03S12S56 = Γ (1,3)Γ (2) and Γ (1,3) = −4iS03S56 ,
Γ (2) = −2S56 , together with the ”eigenvalues” of the Cartan sub algebra operators are also
presented.
with (p0)2 = (−→p )2. If p5 = 0 = p6, the above solution goes into the right handed
one with respect to SO(1, 3) (Γ (1,3) = 1) with S56 = 1/2. Looking from the point
of view of the four-dimensional space, we call the eigenvalue of S56 a charge,
while nonzero components of the momentum pa in higher than four dimen-
sions (nonzero p5, p6) manifest as a mass term, causing a superposition of the left
and the right handed components of Γ (1,3) which have ”charges” of both signs
(Eq.(6.19) and Table 6.1).
One finds that for a free massless left handed spinor in M1+5 the relations
{Mbc, γapa}− = 0, {Γ
(d), γapa}+ = 0, {M
bc, Γ (d)}− = 0, are fulfilled.
6.4 Spin connection, vielbein, torsion on M(2) and boundary
conditions
We first treat a compactified part of space alone, namely a general case of M(2)
. We assume the M(2) part of space covered by patches and pay attention on
boundary conditions on meeting places among patches. We use symbols 5, 6 to
denote flat indices and (5), (6) to denote Einstein indices of the two compactified
dimensions. At the end we apply the result on a torus, with the choice of only one
patch.
Themost general vielbein for d = 2 can bewritten by an appropriate parame-
trization choice
esσ = e
ϕ/2
(
cosφ sinφ
− sinφ cosφ
)
fσs = e
−ϕ/2
(
cosφ − sinφ
sinφ cosφ
)
(6.20)
with s = 5, 6 and σ = (5), (6) and gστ = e
ϕηστ, g
στ = e−ϕηστ, and ηστ =
diag(−1,−1) = ηστ. Taking into account Eqs.(6.2,6.3,6.20), the second determin-
ing the relation among a spin-connection, a vielbein and a torsion, we find for the
torsion Tσ := T σ ′ττ ′εττ ′gσ ′σ the expression
Tσ = φ;σ + εστ 1
2
ϕ,τ, (6.21)
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with φ;σ = φ,σ − ω
5
6σ, and T[σ,τ] = −ω56[σ,τ]. The detailed derivations of the
above expressions, as well of all further expressions, can be found in the subsec-
tion 6.4.1.
Any choice of patching regions makes that two types of expressions meet
on the overlapping parts of regions. Let x[1]σ and x[2]σ, σ = (5), (6), stays for
the two types of coordinates on any overlap region of two chosen patches, while
a conformal map connects these two types of coordinates. There are two types
of transformations, which have to be taken into account on such an overlapping
region: i) a zweibein rotation gauge transformation and ii) a conformal map, connect-
ingω[1]56σ, φ
[1] andϕ[1] withω[2]56σ, φ
[2] and ϕ[2]. Accordingly (Eq.(6.21)) also
T [1]σ is connected with T [2]σ.
i) A zweibein rotation gauge transformation, determined by λ (where ψ[1] =
eiλS
56
ψ[2]), requires
∂x[1]τ
∂x[2]σ
ω[1]56τ(x
[1]) = ω[2]56σ(x
[2]) + ∂[2]σλ,
φ[1] = φ[2] + λ, (6.22)
ϕ[1] = ϕ[2].
The transition boundary condition λ can locally be replaced by choosing an ap-
propriate gauge of one of the meeting patches. But if we make a ”physical” choice
of λ (with putting, for example, on a particular patch a Dirac string) so that λ steps
up by 2πn, with n an integer, when going around a non simply connected patch-
meeting-place, such a λ can not be gauged away.
ii) Any coordinate transformation manifests for gστ = ηστe
ϕ (Eq.(6.20)) the
following boundary condition on two meeting patches
∂x[1]σ
∂x[2]σ
′
∂x[1]τ
∂x[2]τ
′
g[1]στ(x
[1]) = g[2]σ ′τ ′(x
[2])
leading to
det(
∂x[1]
∂x[2]
) = eϕ
[2]−ϕ[1] ,
∂x[1](5)
∂x[2](5)
=
∂x[1](6)
∂x[2](6)
,
∂x[1](5)
∂x[2](6)
= −
∂x[1](6)
∂x[2](5)
. (6.23)
The last two equations are just the Cauchy-Riemann equations, which guarantee
the analyticity of z[1] = x[1](5) + ix[1](6) in terms of z[2] = x[2](5) + ix[2](6). From
the zweibein transition relation e[1]sσ
∂x[1]σ
∂x[2]τ
= e[2]sτ and by taking into account
the Cauchy-Riemann equations (Eq.(6.23)) we find φ[1] + χ = φ[2], with χ =
−arg(dz
[1]
dz[2]
).
If we introduce the notation ω[i]56 = ω
[i]5
6(5) + iω
[i]5
6(6), T [i] = T [i](5) +
iT [i](6), i = 1, 2, and recognize that since gστ = ηστeϕ the antisymmetric tensor
εστ = ε
σρeϕηρτ is an invariant tensor, we may summarize the boundary condi-
72 N. Mankocˇ Borsˇtnik, H. B. Nielsen and D. Lukman
tions on a meeting place of two patches as follows
φ[1] = φ[2] + λ + arg
dz[2]
dz[1]
, ϕ[1] = ϕ[2] − 2log|
dz[2]
dz[1]
|,
ω¯[1]56 =
dz[2]
dz[1]
ω¯[2]56 + 2
dλ
dz[1]
, T¯ [1] = dz
[2]
dz[1]
T¯ [2]. (6.24)
All written up to now is valid for a general two dimensional surface, for
which we may require some conditions on λ and ϕ. On a torus (S1 × S1), how-
ever, we may choose ϕ = 0 and then it follows gστ = ηστ. If our patch is
the whole torus, then the overlap region is defined by going around the rect-
angular with the two sides 2πrσ, where rσ are the two radii of a torus. Since
z[2] = z[1] + 2π(r(5) + ir(6)), it follows that dz
[2]
dz[1]
= 1 and argdz
[2]
dz[1]
= 0. The
boundary conditions (Eq.(6.24)) then simplify a lot.
For the ”perpendicular” boundary conditions, when λσ is allowed to step
up by 2πnσ, with nσ an integer, so that λr(5)(z+ 2πir
(6)) = λr(5)(z) + 2πn
(5) and
λr(6)(z+ 2πr
(5)) = 2πn6 + λr(6)(z), it then follows that the integral of
∫
ω56σdx
σ
along the overlap region is equal to∫
∂[σω
5
6τ]dx
σdxτ = 2πn(5) + 2πn(6). (6.25)
It is nonzero and, since it is proportional to an integer, it is quantized. The Euler
index of a torus (Eq.(6.6)) is, of course, zero. Due to the relation T[στ] = −ω56[σ,τ]
(Eq.(6.21)), the torsion part is accordingly quantized as well. We could interpret
that the stepping up process of λ is due to an appearance of something like a
Dirac string within the patch.
6.4.1 Derivations for section 6.4
We assume a 2-dimensional manifold covered by patches. We label the two co-
ordinates on a 2-dimensional manifold as x(5) and x(6) and use superscripts [1]
and [2] to label variables belonging to the two overlap regions of the two patches.
Then for a metric tensor with a general transformation rule
gρλ = ηρλ · eφ, (6.26)
where ηρλ denotes the diagonal metric tensor diag(−1,−1), a conformal map-
ping from x[1](5), x[1](6) to x[2](5), x[2](6) follows
∂x[1]σ
∂x[1]τ
∂x[2]ρ
∂x[2]λ
δστ = δρλe
φ[2]−φ[1] . (6.27)
This can further be written as
∂x[1](5)
∂x[2](5)
∂x[1](5)
∂x[2](5)
+
∂x[1](6)
∂x[2](5)
∂x[1](6)
∂x[2](5)
= eφ
[2]−φ[1] , (6.28)
∂x[1](5)
∂x[2](6)
∂x[1](5)
∂x[2](6)
+
∂x[1](6)
∂x[2](6)
∂x[1](6)
∂x[2](6)
= eφ
[2]−φ[1] , (6.29)
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and
∂x[1](5)
∂x[2](5)
∂x[1](5)
∂x[2](6)
+
∂x[1](6)
∂x[2](5)
∂x[1](6)
∂x[2](6)
= 0. (6.30)
To calculate the square of det
(
∂x[1]σ
∂x[2]ρ
)
we explicitly write it down and use
the above equations 6.28–6.30. We get
[
det
(
∂x[1]
∂x[2]ρ
)]2
= e2(φ
[2]−φ[1]). (6.31)
It then follows
det
(
∂x[1]σ
∂x[2]ρ
)
= ±eφ[2]−φ[1] . (6.32)
This enables us to conclude
∂x[1](5)
∂x[2](5)
= ±∂x
[1](6)
∂x[2](6)
,
∂x[1](5)
∂x[2](6)
= ∓∂x
[1](6)
∂x[2](5)
These equations are just the familiar Cauchy-Riemann equations, guaranteeing
the analiticity of a complex function z[1] = x[1](5) + ix[1](6), expressed in terms of
variable z[2] = x[2](5) + ix[2](6).
Accordingly we find the transformation rules for the vielbeins
φ[2] − φ[1] = 2 log
∣∣∣∣dz[1]dz[2]
∣∣∣∣ . (6.33)
Transformation rule for zweibeins esτ for these transformations is
e[1]hσ
∂x[1]σ
∂x[2]ρ
= e[2]hρ. (6.34)
For the zweibein parametrized as
esσ = e
φ/2
(
cosϕ sinϕ
− sinϕ cosϕ
)
. (6.35)
it follows
eφ
[1]/2
(
cosϕ[1] sinϕ[1]
− sinϕ[1] cosϕ[1]
) 
∂x[1](5)
∂x[2](5)
∂x[1](5)
∂x[2](6)
∂x[1](6)
∂x[2](5)
∂x[1](6)
∂x[2](6)

 (6.36)
= eφ
[1]/2
(
cosϕ[2] sinϕ[2]
− sinϕ[2] cosϕ[2]
)
.
Then it follows for the logarithmic derivative dz
[1]
dz[2]
is
dz[1]
dz[2]∣∣∣dz[1]
dz[2]
∣∣∣ = e
iχ = e
i·arg(dz[1]
dz[2]
)
(6.37)
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or
log

dz[1]
dz[2]∣∣∣dz[1]
dz[2]
∣∣∣
 = iχ. (6.38)
Recalling Eq.( 6.31) and rewriting Cauchy-Riemann’s equations (6.33) as
∂x[1](5)
∂x[2](5)
= ℜ
dz[1]
dz[2]
and
∂x[1](6)
∂x[2](5)
= ℑ
dz[1]
dz[2]
(6.39)
it follows for the zweibein transformation equation ( 6.36)
eφ
[1]/2
(
cosϕ[1] sinϕ[1]
− sinϕ[1] cosϕ[1]
)
1
e(φ
[2]−φ[1])/2

ℜ
dz[1]
dz[2]
−ℑ
dz[1]
dz[2]
ℑ
dz[1]
dz[2]
ℜ
dz[1]
dz[2]


=
(
cosϕ[2] sinϕ[2]
− sinϕ[2] cosϕ[2]
)
, (6.40)
that is
eφ
[1]/2
(
cosϕ[1] sinϕ[1]
− sinϕ[1] cosϕ[1]
)
1
e(φ
[2]−φ[1])/2
(
cosχ − sinχ
sinχ cos χ
)
=
(
cosϕ[2] sinϕ[2]
− sinϕ[2] cosϕ[2]
)
. (6.41)
This can be rewritten as(
cos(ϕ[1] + χ) sin(ϕ[1] + χ)
− sin(ϕ[1] + χ) cos(ϕ[1] + χ)
)
=
(
cosϕ[2] sinϕ[2]
− sinϕ[2] cosϕ[2]
)
,
with
ϕ[1] + χ = ϕ[2]. (6.42)
We take into account now also the gauge transformation condition for a cho-
sen coordinate patch
∂x[1]ρ
∂x[2]µ
ω[1]56ρ(x
[1]) = ω[2]56ρ(x
[2]) + λ,µ, (6.43)
and
ϕ[1] = ϕ[2] + λ, φ[1] = φ[2]. (6.44)
Then we have
ϕ[1] = ϕ[2] + λ − χ. (6.45)
From Eq.( 6.43) it follows
ω[2]56(5) + λ,(5) = ℜ
dz[1]
dz[2]
·ω[1]56(5) + ℑdz
[1]
dz[2]
·ω[1]56(6) (6.46)
ω[2]56(6) + λ,(6) = ℜ
dz[1]
dz[2]
·ω[1]56(6) − ℑdz
[1]
dz[2]
·ω[1]56(5). (6.47)
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One can prove that the εµν is for the 2-dimensional case (and not the tensor
εµν) equal in every coordinate patch:
ε[2]µν = ε
[1]µ
ν, (6.48)
where the relation
εµν = ε
µρηρνe
φ (6.49)
holds. Defining the quantity Tσ as
Tσ = Tσµνε
µν e−φ (6.50)
we get
Tσ = gµνT
ν = Tµρλε
ρλ.
This quantity is related to the torsion tensor and can be written using familiar def-
initions for a covariant derivative and our choice of the zweibein parametrization
(Eq.(6.35)) as
Tσ = ϕ;σ + εσ
µ 1
2
φ,µ, (6.51)
where the following holds:
ϕ;σ = ϕ,σ −ω
5
6σ. (6.52)
6.5 Weyl spinor inM2
The Weyl spinor wave functions ψ[i], i = 1, 2, in a spaceM2 is influenced by the
boundary conditions of Eq.(6.24)
ψ[1] = e−iλS
56
ψ[2] (6.53)
and must obey the Weyl equations of motion
γsf[i]σsp
[i]
0σψ
[i] = 0, with p[i]0σ = p
[i]
σ −
1
2
Ss
′tω[i]s ′tσ (6.54)
with i = 1, 2.
We find for the zweibeins from Eq.(6.20) the Weyl equation
− e−ϕ
[i]/2
(
0 −eiφ
[i]
(p[i] + 1
2
ω¯[i]56)
e−iφ
[i]
(p¯[i] − 1
2
ω[i]56) 0
)
ψ[i] = 0, (6.55)
i = 1, 2,
with
p[i] = p[i](5) − ip
[i]
(6), p¯
[i] = p[i](5) + ip
[i]
(6),
ω[i]56 = ω
[i]5
6(5) + iω
[i]5
6(6), ω¯
[i]5
6 = ω
[i]5
6(5) − iω
[i]5
6(6), (6.56)
while ω[2]56σ = −∂
[2]
σλ + ω
[1]5
6σ, φ
[2] = φ[1] + λ. For details see subsection
6.5.1. One easily sees that for massless spinors neither ϕ nor φ contributes in
the equations of motion for the left and the right handed solution (Γ (2) = ±1,
respectively).
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6.5.1 Derivation of Weyl equations
We may write the Weyl equations in d = 2 -dimensional space as follows
(γ5p05 + γ
6p06)|ψ >= 0 = (γ
5fσ5p0σ + γ
6fσ6p0σ)|ψ > . (6.57)
Multiplying this equation with γ5 and noticing that
p0σ = pσ −
1
2
Sabωabσ, (6.58)
where, as shown elsewhere in this article, Sab = i
4
[γa, γb], our Weyl equation
takes (for the most general form of zweibein of Eq.(6.20)) the form
−eϕ
[
−e(φ)
(
−p(5) + (±1
2
)ω(5)
)(
1 0
0 1
)
+ (−1)(±)
(
i 0
0 i
)
− eφ
(
p(6) − (±1
2
)ω(6)
)]
|ψ± >= 0, (6.59)
for the two solutions |ψ± >, which correspond to the eigenvectors of S56 with
the eigenvalues ±1
2
, correspondingly. It then follows, independently of the two
angles ϕ an φ [
p(5) ± ip(6) − (±)1
2
(ω(5) + (±)iω(6))
]
|ψ± >= 0. (6.60)
If we introduce the dimensionless variables
v = x^(5) + ix^(6), v∗ = x^(5) − ix^(6),
∂
∂v
=
1
2
(
∂
∂x^(5)
− i
∂
∂x^(6)
),
∂
∂v
=
1
2
(
∂
∂x^(5)
− i
∂
∂x^(6)
),
with x^σ = xσ/(2πr), (6.61)
where r is the radius of each of the compactified dimensions, the relations follow
p¯ := p(5) + ip(6) =
i
πr
∂
∂v∗ , p =: p(5) − ip(6) =
i
πr
∂
∂v
.
We define in addition
ω = ω(5) + iω(6), ω¯ = ω(5) − iω(6). (6.62)
With these definitions it follows for Eq.(6.60)(
p¯− S56ω
)
|ψ+ >= 0,(
p − S56ω¯
)
|ψ− >= 0, (6.63)
and also (
∂
∂v∗
−
iπr
2
ω
)
ψ+ = 0, (6.64)(
∂
∂v
+
iπr
2
ω¯
)
ψ− = 0. (6.65)
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6.6 An example of massless spinors coupled toU(1) field
We shall demonstrate in this section one example of spinors living on a torus and
obeying the Weyl equations as well as all the properties, required in Eqs.(6.24) -
(6.55). The wavefunctions for these spinors can be written in terms of well known
ϑα, α = 1, 2, functions[13]
ψ(2)− = N ϑ1(v)ϑ2(v∗)| ↓>, ψ(2)+ = N ϑ1(v∗)ϑ2(v)| ↑>,
with v = x^(5) + ix^(6) and xσ = (2πr)x^σ, (6.66)
for the spin connection fieldsω56 and ω¯
5
6, which can be expressed as follows
ω56 =
2i
πr
∂ψ
(2)
+ (v
∗)
∂v∗
/ψ
(2)
+ (v
∗) =
2i
πr
ϑ1(v
∗),v∗
ϑ1(v∗)
,
ω¯56 =
−2i
πr
∂ψ
(2)
− (v)
∂v
/ψ
(2)
− (v) =
−2i
πr
ϑ1(v),v
ϑ1(v)
. (6.67)
The second equation is the complex conjugate of the first. We see that the two
solutions have the desired periodic properties
ψ(2)±(x^(5) + 1, x^(6) + 1) = −e−i4pix^
(5)
ψ(2)±(x^(5), x^(6))
= e−iS
56λψ(2)±(x^(5), x^(6)). (6.68)
From here it follows that
± 1
2
λ = 4πx^(5) + π. (6.69)
Using the spin connection fields from Eq.(6.67) (or the expression for λ from
Eq.(6.69)), the integral
∫
ERdx(5)dx(6) can be calculated. For a simple choice of
a zweibein fσs = δ
σ
s we found for the integral of the curvature∫
Eδσ[sδ
τ
t] ω
st
σ,τ dx
(5)dx(6) = −16π. (6.70)
6.6.1 Spinors, products of ϑαfunctions
We shall demonstrate that theta functions (see for example Bateman& Erde´lyi [13])
are solutions of the Weyl equations for a very particular spin connection field. We
shall take ψ+ = Nϑ1(v∗)ϑ2(v)| ↑> and ψ− = Nϑ1(v)ϑ2(v∗)| ↓>, with | ↑>, | ↓>
for the two eigenstates of S56, with eigenvalues 1/2 for | ↑> and −1/2 for | ↓>
and with v and v∗ defined in Eq.(6.61).
Theta functions have well known series expansions
ϑ1(v) = i
+ inf∑
−∞ (−)
nq(n−1/2)
2
e(2n−1)pivi,
ϑ2(v) = i
+ inf∑
−∞ q
(n−1/2)2e(2n−1)pivi, (6.71)
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with q = eipiτ and we take τ = i. In x^(5) direction ϑα are normal periodic func-
tions, while in the x^(6) direction they are periodic in the complex sense.
One easily finds that
ϑ1(v± 1) = −ϑ1(v), ϑ2(v± 1) = ϑ2(v),
ϑ1(v± i) = −q−1e∓pii(2v±τϑ1(v), ϑ2(v± 1) = e∓pii(2v±τϑ2(v). (6.72)
One also can derive
∂
∂v
ϑ1(v)
ϑ1(v)
= π cot(πv) + 4π
∞∑
m=1
q2m
1− q2m
sin 2mπv, (6.73)
with the property
∂
∂v
ϑ1(v+m+ ni)
ϑ1(v+m+ ni)
−
∂
∂v
ϑ1(v)
ϑ1(v)
= −2πni, (6.74)
for any integers n,m, since the period of ϑ1 is 1 + i. Taking into account that
ω = ω(5) + iω(6) =
2i
pir
ϑ1(v
∗)
,v8
ϑ1(v∗)
, we end up with the relations
ω56(5) = −
1
r
{
−
sinh 2πx^(6)
(cosh 2πx^(6) − cos 2πx^(5))/2
+ 8
∞∑
m=1
q2m
1− q2m
cos 2mπx^(5) sinh 2mπx^(6)
}
,
ω56(6) = −
1
r
{
sin 2πx^(5)
(cosh 2πx^(6) − cos 2πx^(5))/2
+ 8
∞∑
m=1
q2m
1− q2m
sin 2mπx^(5) cosh 2mπx^(6)
}
. (6.75)
Accordingly we find that
ω56(5)(x
(5) + 1,−(x(6) + 1)) −ω(5)(x
(5),−x(6)) = −
4
r
,
ω56(6)(x
(5) + 1,−(x(6) + 1)) −ω(6)(x
(5),−x(6)) = 0, (6.76)
One also notices that
ω56(5),(6) =
1
r2
{
(−1+ cos 2πx^(5) cosh 2πx^(6))
A2
+ 8
∞∑
m=1
q2m
1− q2m
cos 2mπx^(5) cosh 2mπx^(6)
}
= ω56(6),(5), (6.77)
with
A =
1
2
(cosh 2πx^(6) − cos 2πx^(5)),
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so that we immediately see that the curvature R, which is proportional toω[(5),(6)]
is equal to zero all over, except at the point when A = 0, which is happening for
x(5) = 0 = x(6), where bothω(5),(6) and ω(6),(5) have a pole.
Besause of the pole, whichω(5),(6) has for x
(5) = 0 = x(6), the integral of the
curvature is nonzero. We obtain∫a+2pir
x(5)=a
∫b+2pir
x(6)=b
Eω56[(5),(6)] dx
(5) dx(6) =
=
∫a+2pir
x(5)=a
dx(5)ω56(5)
∣∣b+2pir
x(6)=b
−
∫b+2pir
x(6)=b
dx(6)ω56(6)
∣∣b+2pir
x(5)=b
,
which when taking into account Eq.(6.76) leads to∫∫
Eω56[(5),(6)] dx
(5) dx(6) =
∫a+2pir
a
dx(5)
(
−
4
r
)
= −8π. (6.78)
in agreement with Eq.(6.70), since it is just twice the above value, as it should be.
6.7 Spinor coupled to gauge fields inM(1+3) × (S1 × S1)
To study how do spinors couple to the Kaluza-Klein gauge fields in the case of
M(1+5), compactified to M(1+3) × (S1 × S1), we first look for the appearance of
pure gauge fields, when coordinate transformations of the type x
′µ = xµ, x
′σ =
xσ + ϑσ(xµ) are performed. We start with vielbeins emµ = δ
m
µ (f
µ
m = δ
µ
m)
and esσ(f
σ
s) from Eq.(6.20). Since f
α
a transform as vectors under general co-
ordinate transformations (δfαa = f
α
a,βϑ
β + fγaϑ
α
,γ) and since we are inter-
ested in only the transformations which keep fσs unchanged), we end up with
δfσm = δ
µ
mϑ
σ
,µ, δf
µ
s = 0, δf
σ
s = 0. Replacing pure gauge fields with true fields
to which these pure gauge transformations should belong, we find for new viel-
beins
eaα =
(
δmµ e
m
σ
0 = esµ e
s
σ
)
, fαa =
(
δµm f
σ
m
0 = fµs f
σ
s
)
, (6.79)
with fσm = A
σ
µδ
µ
m. In the last equation we define the U(1) gauge fields A
σ
µ.
Taking into account that also ωabα transform as vectors and that before
”switching” on theU(1) fieldAσµ, onlyω
s
tσwere non zero (which do not change
under these transformations), we end up with new fields
ωstσ, ω
s
tµ = −A
σ
µω
s
tσ, (6.80)
while all the other components of ωmbα = 0, since for simplicity we allow no
gravity in (1+3) dimensional space. We can obtain the corresponding T αβγ from
Eqs.(6.2,6.21) or by taking into account that T αβγ transforms as a third rank ten-
sor.
To find out the current, coupled to the Kaluza-Klein gauge fields Aσµ, we
analyze the spinor action
S =
∫
ddxEψ¯γap0aψ. (6.81)
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Statement 3: The above action reduces for the case that ωstµ = −A
σ
µω
s
tσ,
for the vielbeins from Eq.(6.79) and for the solutions of the Weyl Eq.(6.63) to
S =
∫
ddxEψ¯γmδµmpµψ+
∫
ddxEψ¯γsfσsp0σψ
+
∫
ψ¯γmδµmA
σ
µpσψ. (6.82)
ψ is now defined in d = (1+ 5) dimensional space and has the spin part defined
in the Table refNHDtable1. The proof is in subsection 6.7.1. The first term on the
right hand side is the kinetic term, while the second gives zero for the massless
solutions from Eq.(6.55,6.66).
To evaluate the charge and correspondingly the current in (1 + 3) - dimen-
sional space, one must evaluate∫
dx(5)dx(6) ψ+ γ0γmδµmpσA
σ
µψ, (6.83)
with E = 1 in our particular case. We expect that for massless spinors from
Eq.(6.55) the relation that
∫
dx(5)dx(6) ψ+±Aσµp0σψ± = 0 has to be fullfilled. In
such a case accordingly also the current, which massless spinors with ψ− man-
ifest, is just minus the current determined by spinors with ψ+. All this happens
indeed if spinors are described in terms of the ϑα functions of Eq.(6.66). For such
cases the current of massless spinors
jµσ =
∫
dx(5)dx(6) ψ¯γmδµm Qσψ (6.84)
originates from the Kaluza-Klein charge
< Qσ >=< p0σ + S
56ω56σ >=< pσ >=< S
56ω56σ >, (6.85)
where< >means the integration of the current over the two coordinates x(σ), σ =
(5), (6). The spin connection ω56σ can not be gauged away due to the bound-
ary conditions on the patching meeting place, where λσ is allowed to step up by
an integer times π (Eq.(6.24,6.69)). The Kaluza-Klein gauge charge is for massles
spinors, which are desribed by ψ±, proportional to S56, which is on ψ± equal to
±1/2. The handedness in the fifth and the sixth dimension is proportional to S56
(Γ (2) = −2S56), which means that the Kaluza-Klein gauge charge and the operator
of handedness are proportional to each other. This also means that massless spinors
chirally couple to the corresponding U(1) field and that the masslessness is pro-
tected.
6.7.1 Current in d=1+5
We prove that the action S =
∫
ddx ψ+γ0γap0a reduces to
S =
∫
ddx(ψ+ γ0γmδµmpµψ)
+
∫
ddx(ψ+ γ0γmδµm − S
56ω56µA
σ
µψ), (6.86)
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ωstµ = −A
σ
µω
s
tσ (Eq.(6.80)) and for vielbein from Eq.(6.79).
To see this we first recognize that γap0a = γ
mp0m + γ
sp0s = γ
mfµmp0µ +
γmfσmp0σ + γ
sfσsp0σ. Since for spinors which obey the Weyl equations of mo-
tion the term
∫
ddxψ+γ0γsfσsp0σψ is zero and since γ
mfµmp0µ + γ
mfσmp0σ =
γm(δµmpµ+(−)S
56ω56µ)+γ
mδµmA
σ
µ(pσ−S
56ω56σ), withω56µ = −A
σ
µω56σ,
the above statement is proved.
Next we recognize that
pσA
σ
µ =
1
2
(p¯A+µ + pA
−
µ),
A± = A(5)µ ∓ iA(6)µ, p¯ = p(5) + ip(6), p = p(5) − ip(6). (6.87)
Next we prove that ∫
dx(5)dx(6)ψ++γ
0γmδµµpσA
σ
µψ+
= −
∫
dx(5)dx(6)ψ+−γ
0γmδµµpσA
σ
µψ−. (6.88)
To prove this we must see that the two integrals
I+ = < +|
∫
dx(5) dx(6)
{
ϑ1(v
∗)ϑ2(v)
d
dv∗
(
ϑ1(v
)ϑ2(v
∗)
)
A+µ
+ ϑ1(v
∗)ϑ2(v)
d
dv∗
(ϑ1(v)ϑ2(v
∗))A−µ
}
|+ >, (6.89)
I− = < −|
∫
dx(5) dx(6)
{
ϑ1(v)ϑ2(v
∗)
d
dv∗
(ϑ1(v
∗)ϑ2(v))A+µ
+ ϑ1(v)ϑ2(v
∗)
d
dv
(ϑ1(v
∗)ϑ2(v))A−µ
}
|− > . (6.90)
have opposite values I+ = −I−. This can easily be seen by recognizing that∫
dx(5) dx(6) {ϑ1(v
∗)ϑ2(v)
d
dv∗
(
ϑ1(v
)ϑ2(v
∗)
)
=
∫
dx(5) dx(6)
{
d
dv∗
(ϑ1(v
∗)ϑ2(v)ϑ1(v)ϑ2(v∗)) −
d
dv∗
(ϑ1(v
∗)ϑ2(v)) ϑ1(v)ϑ2(v∗)
}
and similarly for the other part. We find then
I− = −I+ +
∫α+1
α
dx(5)
∫β+1
β
dx(6){
d
dv∗
(ϑ1(v)ϑ1(v
∗)ϑ2(v)ϑ2(v∗))
+
d
dv
(ϑ1(v)ϑ1(v
∗)ϑ2(v)ϑ2(v∗))
}
. (6.91)
Using periodicity relations of ϑα functions, presented in subsection 6.6, we find
out that both surface terms are zero and that accordingly
I− = −I+.
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We assume thatAσµ do not depend on x
(5) and x(6). It has to be proved next that
for our choice of massless spinors it must be
S =
∫
ddx(ψ+ γ0γmδµmp0σA
σ
µψ) +
∫
ddx(ψ+ γ0γmδµmpµψ), (6.92)
with p0µ = pµ + S
56ω56σA
σ
µ. To make the proof we first recognize that
p0σA
σ
µ =
1
2
(p¯ − S56ω56)A
+
µ +
1
2
(p− S56 ¯ω56)A
−
µ. (6.93)
Taking into account the Weyl equations we recognize < ψ±|p0σAσµ|ψ± >= 0, if
< ψ+|
1
2
(p− S56ω¯56)A
−
µ|ψ+ >= 0 and < ψ−|
1
2
(p¯− S56ω56)A
+
µ|ψ− >= 0. Next
we recognize thatω56(v
∗) = 2i
pir
ϑ1(v
∗) ′v∗
ϑ1(v∗)
and ω¯56(v) = −
2i
pir
ϑ1(v) ′v
ϑ1(v)
. We recognize
that Eq.( 6.93) leads to the two integrals
i
2πr
∫α+1
α
dx(5)
∫β+1
β
dx(6)
{(
ϑ1(v)ϑ2(v
∗)
∂
∂v
ϑ2(v)ϑ1(v
∗)
)
+
(
ϑ1(v
∗)ϑ2(v∗)
∂
∂v
ϑ1(v)ϑ2(v)
)}
A−µ,
i
2πr
∫α+1
α
dx(5)
∫β+1
β
dx(6)
{(
ϑ1(v
∗)ϑ2(v)
∂
∂v∗
ϑ2(v
∗)ϑ1(v)
)
+
(
ϑ2(v)
∂
∂v∗
ϑ1(v
∗)ϑ1(v)ϑ2(v∗)
)}
A+µ. (6.94)
Again, if transforming one of the two terms of each integral into minus the other
plus the surface term, we end up with only a surface term, which is, according to
the periodic properties of ϑα functions, equal to zero. This completes the proof.
6.8 Conclusions
Starting from a Weyl spinor of only one handedness in a flat Riemann space
M1+5, we were able to find an example, for which the compactified space of
S1 × S1 flat Riemann space torus with the vielbeins and the spin connections
(which in d = 2 are not related by the equations of motion but rather by the re-
quirement that the covariant derivative of the viel(zwei) bein are equal to zero),
allows massless spinors to be chirally coupled to the Kaluza-KleinU(1) field. The
handedness in the non physical dimensions is proportional to the Kaluza-Klein
charge. The change of the handedness, and accordingly of the spinor wave func-
tion, causes the change of the sign of the Kaluza-Klein charge. This assures that
massless spinors chirally couple to the Corresponding gauge field.
The spin connection field can not be gauged away, due to the particular
choice of the boundary conditions. We found as an example for such a spin con-
nection field a flat torus, the field, for which the two solutions of the correspond-
ing Weyl equation, are expressed in terms of the well known functions ϑα (see
Eq.(6.66)).
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The integral of the spin connection over the meeting place of the patch of the
torus
∫
∂[σω
5
6τ]dx
σdxτ - which is the integral of the curvature
∫
ERdx(5)dx(6) -
is proportional to an integer n and accordingly quantized (Eq.(6.70)). The cho-
sen spin connection has a pole in the origin, but the curvature is nonzero and
accordingly also the integral of it oer the torus is nonzero.
The Kaluza-Klein charges pσ, σ = (5), (6), which couple spinors to the Kalu-
za-Klein gauge fields Aσm are on the Hilbert space of massless spinors (ψsol =
ψ±) equal to S56ω56σ, that is proportional to the generator of the Lorentz trans-
formations in the internal space of spin of the two compactified dimensions. By
marking spinors with the Kaluza-Klein charges the choice of states of the desired
handedness in also the ”physical” (M1+3) part of space is enabled. Consequently
our ”physical” spinors are massless and are also chirally coupled to the corre-
sponding Kaluza-Klein gauge fields.
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7 Geometry Decides Gravity, Demanding General
Relativity — it is Thus the Quantum Theory of
Gravity
R. Mirman⋆
14U
155 E 34 Street
New York, NY 10016
Abstract. What decides the laws of physics? Geometry, at least largely. Its transforma-
tion groups (which may not be symmetry groups) greatly limit physical laws. For mass-
less objects, electromagnetism and gravitation that can couple to massive matter, these are
completely determinative [3]. Here we only outline reasons and derivations. Details, and
discussions of related subjects, are elsewhere.
7.1 Transformation groups
A fundamental transformation group of our geometry is the Poincare´ group ([1],
sec. II.3.h, p. 45), the rotations in 3+1 space (the Lorentz group) and the transla-
tions (given by the momentum operators). Whether space is invariant under it
is irrelevant. It is a transformation group, a subgroup of the complete one: the
conformal group [6] of a 3+1 (locally) flat real space. This is true even if directions
(simulated by the vertical) were different. Neither points nor directions need be
identical. (With the earth the vertical and its center appear different — because
there is a material body.)
An example of a transformation group is the rotation group (for any dimen-
sion), which we consider in a space with a direction different, simulated by a
magnetic field. Functions of angles can be written as sums of basis vectors of the
rotation group — spherical harmonics for our space — these forming sets called
representations of the group (for 3-space labeled by the total angular momen-
tum). A rotation changes each function — basis vector — in a sum replacing it
by a sum of basis vectors. Each basis vector is replaced only by a sum of vec-
tors of the same representation. States of a representation are mixed with states
of the same representation — of the transformation group — but not with states
of another. This cannot be done using states of unitary groups. Rotations are fun-
damental properties of real spaces, ones whose coordinates are real numbers, so
more intrinsic than symmetries. It is however provocative that they are symme-
tries also.
⋆ sssbb@cunyvm.cuny.edu
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The Poincare´ group is an inhomogeneous group ([1], sec. II.3.h, p. 46, one
with a semisimple part — the simple Lorentz group ([1], sec. II.3.e, p. 44) — and
an Abelian invariant subgroup, the translations ([1], sec. II.3.f, p. 44), this trans-
forming under the regular representation of the semisimple part ([1], chap. VI,
p. 170). Inhomogeneous groups are far richer than semisimple ones (like the ro-
tation group) with which we are more familiar. Prejudices from the latter may be
completely wrong for richer groups.
7.2 Labeling representations and states
States of a group representation are labeled by eigenvalues of a set of opera-
tors invariant under all group operations — these giving representations — plus
eigenvalues labeling states. For the rotation group these are the total angular mo-
mentum, and its component along some axis. These operators are completely de-
termined (up to isomorphism) but for inhomogeneous groups there are choices
(thus richness).Which operators shall we take diagonal: semisimple ones, Abelian
ones or combinations? These give representations of different forms. Here we
consider only (as is usual, but not usually explicit) representations with all mo-
mentum operators diagonal (thus no others, which are all semisimple, can be).
Rotation representations have one label, those of SU(3) two, and so on. The
Poincare´ group requires two labels. For an object at rest these— its mass and total
spin — are needed to specify the object. There can be no more (internal labels
are not relevant to these transformations of geometry). For free objects there is
nothing more to say.
Representations with all momentum operators diagonal break into four sets,
those with real mass,m2 > 0 (to which we belong); imaginary mass,m2 < 0; zero
massm = 0 so m2 = 0; and momentum 0 representations, to which coordinates
and momenta belong. Momentum has no momentum.
Here we consider just massless representations; for these we can say the
most. There is then one more label, the helicity. Representations with helicity 1
give electromagnetism, with helicity 2 gravitation. (Neutrinos cannot be mass-
less ([3], sec. 4.4.4, p. 70]).)
There is one further condition — obvious although its mathematical impor-
tance may not be. These objects must couple to massive matter else we could not
know of them — they would not exist. This is very difficult, so very determina-
tive. Massive and massless objects are really quite different.
7.3 Little groups
Representations are found using a little group ([3], sec. 1.1.3, p. 4; sec. 2.2, p. 12),
a subgroup whose representations are known. We need only the action of the
remaining operators on its states. Then we know all states of the full group, and
the action of all operators on them.
For a massive object, which we can take at rest, the little group is the (simple)
rotation group. Its representations, including explicit expressions for its states,
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are known. On these we calculate the action of the boosts giving the (pseudo-
orthogonal) Lorentz group. On its states we find the effect of the momentum gen-
erators, and then have all representations (of this type) of the (inhomogeneous)
Poincare´ group.
Massless objects, like the photon, cannot be at rest. Their little groups are the
subgroups leaving invariant a momentum component. Such little groups are not
semisimple ([1], sec. IV.9.a, p. 144), but solvable ([1], sec. XIII.3.a, p. 376). These
types of groups are quite different. Hence it is almost impossible to construct
interactions between (massive) semisimple objects and (massless) solvable ones.
Thus electromagnetism and gravitation are fully determined. Restrictions are so
great that there is no choice. We might expect that coupling two such different
objects is impossible. Fortunately it is in two cases, helicity 1 and 2 (perhaps 0).
7.4 All terms must transform the same
In an equation all terms (in the sum) must transform as (perhaps different real-
izations ([1], sec. V.3.c, p. 157) of the same state of the same representation else it
would be different in different systems — inconsistent. Dirac’s equation is a sum
of terms one the mass (a scalar) times the solution, the statefunction. Hence all
terms must transform as the solution (a bispinor). These include interactions be-
tween the massive object and electromagnetic and gravitational fields. For cou-
pling such interactions have to transform as the solution. They are products of
semisimple terms and solvable ones (actually functions found from these by the
remaining Poincare´ transformations, these different for different types of objects).
This is actually not difficult for electromagnetism. It requires minimal cou-
pling, the reason that the photon couples this way ([3], sec. 5.3, p. 81). For helicity-
2 gravitation it is much harder, almost impossible, to couple.
Helicity-2 has five states. Products of it with (massive) Lorentz group states
must transform properly under all groups. We need scalars formed from prod-
ucts of interaction terms with a Lorentz basis vector (which solutions of Dirac’s
equation, massive statefunctions, are). However there is no irreducible Lorentz
representation with five states ([3], sec. 4.4, p. 67). There can be no such scalar,
just as there cannot be one constructed from angular momentum 1 and 2 repre-
sentations.
The number of components must be reduced requiring relations between
them, nonlinear ones. Fortunately the helicity-2 representation has such: the Bian-
chi identities. Hence massive objects and gravitation can interact.
A gravitational field is produced by energy, and has energy. Thus a gravi-
tational field produces a gravitational field — it is nonlinear. This argument is
correct but it hides the underlying mathematics. Gravitation must be nonlinear
since only that non- linear representation can couple to matter. Fortunately both
arguments give the same condition.
Also the gravitational field is attractive ([3], sec. 4.2.5, p. 60) while the elec-
tromagnetic charge can have either sign.
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7.5 Objects for massless representations
Before outlining the derivation of Einstein’s equation we need certain aspects of
massless representations: connections ([3], sec. 3.2 p. 33), why they are the basis
states of massless representations (and only these), what gauge transformations
are ([3], sec. 3.4 p. 43), why massless representations (only) have them, and what
the fundamental fields are ([3], sec. 3.3 p. 37).
That gauge transformations are Poincare´ transformations for massless ob-
jects, and only these, is clear. Take an electron and photon with momentum and
spin parallel (so both spins are parallel to the momentum). Lorentz transform
to a system in which both momenta remain the same but the electron’s spin is
changed. Its spin and momentum are no longer along the same line, but those of
the photon must be — it is transverse. Thus there are transformations that act on
the electron but not on the photon (?). This cannot be. Poincare´ transformations
do not depend on the object acted on. What are these extra transformations? Of
course gauge transformations. Their properties are given by the Poincare´ group.
Gauge transformations are neither rotations nor boosts but products. Go to
the electron’s rest frame, rotate its spin, then reversing the first transformation
go the frame with the original momenta. The momenta remain the same but the
spin direction of the electron is different. Gauge transformations for the photon
are given by this product acting on it.
It is important to understand that the electromagnetic field is not transverse
because of gauge invariance. The form of group operators is determined by its
structure. Generators of the rotation group are fixed by their commutation rela-
tions, not by the hydrogen atom for example. Thus the commutation relations of
the Poincare´ group require that the basis states of its massless representations be
connections and undergo gauge transformations. And clearly these are possible
only for massless representations.
What is the difference between a connection and a tensor? Transformations
of a tensor are homogeneous (with an a for each index), schematically,
T ′i... = aij . . . Tj... (7.1)
Transformations of a connection are inhomogeneous,
Γ ′i... = aij . . . Γj... + Λi...; (7.2)
Λ does not depend on Γ but is a function of the transformation (the a’s). A tensor
transformation changes two components simultaneously, for a connection only
one need be. An example of a tensor transformation is
x ′ = x cosθ+ y sinθ, y ′ = −x sinθ+ y cos θ, (7.3)
while for a connection (here the electromagnetic vector potential),
A ′x = Ax +Λx, (7.4)
where Λ is arbitrary, and similarly for the gravitational Γ .
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The finite-dimensional representations of the Euclidean group SE(2), the lit-
tle group for massless representations with rotation operatorM diagonal, are not
unitary as the algebra matrices are not hermitian. They consist of blocks of the
form, say, with the N’s the other two generators,
M =
(
m 0
0 m− 1
)
, (7.5)
and
N1 =
(
0 u
0 0
)
, N2 =
(
0 iu
0 0
)
, or N1 =
(
0 0
v 0
)
, N2 =
(
0 0
−iv 0
)
; (7.6)
u, v arbitrary (N’s give arbitrary gauge transformations — these also depending
on group parameters, add arbitrary functions to representation basis vectors).
There are two representation forms, upper and lower.
For semisimple algebras for each off-diagonal entry there is a corresponding
one across the diagonal, but with solvable algebras this is not true for all en-
tries. Thus, as easily seen from this simple example, there are transformations of
a solvable group that add terms to basis states, as we are quite familiar for elec-
tromagnetism and gravitation. That is why their states are connections, and only
their states. For other classes of (momentum-diagonal) representations the little
group is semisimple.
We thus see what connections and gauge transformations are, how they are
related, are required by the little group being solvable, and why they are proper-
ties of massless representations, and possible only for them.
7.6 Fundamental fields
Equations to determine the electromagnetic and gravitational fields are needed.
But which fields? They are connections, the gravitational connection (not the met-
ric which transforms under a momentum-zero representation) and the electro-
magnetic connection, the potentialA. These aremassless objects, and connections
are the massless states.
Electromagnetic fields E and B are not physical objects, not gauge invari-
ant ([3], sec. 3.3.1, p. 37) and do not transform under a proper representation.
They are products of states of massless and of momentum-zero representations.
For rotation groups a product of representations can be written as a sum. How-
ever this product is of representations of different types (there is only one type
for the rotation group). Such products have not been characterized, and perhaps
cannot be. There may be nothing further to be said about them. This has to be
looked at.
That the electromagnetic field is not a physical object and can- not be mea-
sured is trivial. How dowemeasure a field?We observe the behavior of a charged
object in it. In elementary physics we use pith balls. But there are no such things.
These are merely collections of electrons, protons and neutrons (and so on), as are
we. Fields act on these.
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What acts on a electron? From Dirac’s equation clearly the potential. The
behavior of the electron then gives that, and that is what is measured. Other fields
are merely functions of it, unmeasurable thus without basic significance (for this
reason also).
We can now outline derivations of the equations for gravitation and electro-
magnetism. These are standard. What is different is the context. The theories are
derived from the Poincare´ group thus are unique. Electromagnetism and gravita-
tion are what they are because that is what geometry wants them to be. They are
not guesses that happened to be correct. And gravitation is not determined by
the equivalence principle — that is a consequence. Too many believe that clues
leading to the discovery of a theory are the reason for it. But how we discover
does not underlie physics. There are reasons for the way physics is. We generally
do not know them (geometry is highly suspect) but for massless representations
we do.
7.7 Electromagnetism and what it must be
Details for the electromagnetic case can easily be worked out ([3], sec. 7.2, p. 124)
so we just summarize. One Maxwell equation is the Bianchi identity, the other
is the trace of the electromagnetic tensor; this is equal to the current. Since the
electromagnetic tensor is not a physical object we need an expression for the po-
tential. This is given by its covariant derivative, the momentum operator acting
on the electromagnetic statefunction,
Aµ;ν = Aµ,ν −
2ie
m2
(ψ+γµψ,ν + ψ
+
,νγµψ). (7.7)
The second covariant derivative is zero; themomentum belongs to themomentum-
zero class, so its momentum — its covariant derivative — is zero. The covariant
derivative of a spinor gives minimal coupling.
The equations are for the potential giving it in terms of the statefunctions of
the charged objects; their equations include it. These equations govern.Maxwell’s
equations are classical, and for a nonphysical object: the electromagnetic field.
Thus they are only of calculational use, they are not fundamental. Since neither
the electric nor the magnetic field really exists that Maxwell’s equations seem to
distinguish between them is meaningless. It is purely a matter of notation. Hence
for example a magnetic monopole cannot exist ([3], sec. 7.3, p. 131). There is no
way of putting one in.
7.8 Gravitation
These objects are determined by the Poincare´ group so we need expressions for
its generators, here for the Abelian part, the momentum operators, the covariant
derivatives ([3], sec. 1.2.2, p. 8). Thus we have to find the covariant derivative of,
the momentum acting on, the connection— the gravitational statefunction. There
are two ways of finding it ([3], sec. 8.2.1, p. 146), using the covariant derivative
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of the covariant derivative, and the ordinary derivative of a vector whose a co-
variant derivative is given by the usual rules for that of a tensor. These must be
the same. Sowe get the covariant derivative of the gravitational statefunction, the
connection. Thus
ipκΓ
λ
µν = Γ
λ
µν;κ = Γ
λ
µν,κ + Γ
λ
φκΓ
φ
µν − Γ
φ
µκΓ
λ
φν − Γ
φ
νκΓ
λ
µφ. (7.8)
From this we get the second covariant derivative, then the commutator of mo-
mentum operators (0 since momenta form an Abelian subgroup), and the expres-
sions for the Casimir invariants and curvature tensor. Einstein’s equation for free
gravitation then follows using any standard derivation.
With matter present a term has to be added to the covariant derivative. This
gives the energy-momentum tensor. It is here that there may be some freedom.
What is the energy-momentum tensor? There are expressions for scalars, spin-1
2
objects and the electromagnetic field ([3], sec. 9.2, p. 153). (There is no such thing
as dust.) While these are reasonable it is not clear there are no other possibilities.
This remains to be looked at. These give the equations for the fields as determined
by the sources.
This raises a problem for scalar objects ([3], sec. 4.2.7, p. 61).Do they interact
with gravity? There is no reason to believe so. It is an article of faith that gravita-
tion is universal, interacting with all objects, and in the same way. Actually it has
only been tested in two cases, collections of spin-1
2
objects and the electromag-
netic field. An open mind can be useful.
7.9 Trajectories are geodesics
What determines the behavior of objects in fields? Interaction terms ([3], sec. 5.3,
p. 81). For a scalar, trajectories are geodesics ([3], sec. 5.2, p. 74). Coordinates,
velocities, momenta and the metric all belong to the momentum-zero class of
representations. Their momenta — covariant derivatives — are thus 0. Setting
the covariant derivative of the velocity to 0 gives the geodesic. This can also be
found quantum mechanically.
7.10 A cosmological constant must be 0
It is traditional to include in Einstein equation a cosmological constant. Clearly
that must be 0 ([3], sec. 8.1.4, p. 139). It sets a constant equal to a function of space
and time, and a real number, the cosmological constant, equal to a complex one
G, obviously wrong. Why is a gravitational field complex? Regarding it as due to
curvature of space can bemisleading.Mathematically it is possible towrite metric
g and Γ as spacetime functions giving the geometry of the entire 3+1- dimensional
space. But fields depends on matter and its behavior. These are arbitrary and can
be varied at will (unless the statefunction of the entire universe for all time is
known). Thus the field is a function of time. From the field at one time we get it
at all times using (as usual) the equation for the statefunction (schematically)
i
dΓ
dt
= HΓ ; (7.9)
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H is the gravitational Hamiltonian which includes arbitrary matter. Thus Γ is a
gravitational wave. Solving we get that Γ , the gravitational field, is complex. A
physical field, a physical wave, must be complex. More fundamentally G is a
function of massless basis vectors, while the cosmological constant belongs to
the momentum-zero representation. Setting them equal is like equating a vector
and a scalar. And with a cosmological constant gravitational waves would have
the fascinating property that the metric, thus detectors, react to them, not only
an infinitely long time before they arrive, but even an infinitely long time before
they are emitted. The argument is the same, but here stronger, as that showing
classical physics is inconsistent and quantum mechanics necessary ([2], chap. 1,
p. 1).
Taking the gravitational field as a purely geometric object is not fully useful,
and likely not fully possible because it is determined by physics and physical
objects have arbitrariness. This is not surprising since the gravitational field is
massless and that has no meaning for geometrical objects.
Geometry then, through its transformation group — the Poincare´ group —
determines what gravitation is: knowing that it is a massless helicity-2 object.
What is left? First the functions of thematter statefunctions that gives it— energy-
momentum tensors might still have some freedom, although perhaps not. This
should be looked at. More mysterious is the value of the coupling constant, the
gravitational constant (perhaps more than one ([3], sec. 9.3.4, p. 162)). Yet the
most fundamental question is why gravitation exists. If it does, and fortunately
it does, it is determined. But the Poincare´ group does not require its existence.
What does?
7.11 General relativity is quantum gravity
Can there then be a quantum theory of gravity? There is: general relativity. It is
the first complete, consistent quantum theory. What is a quantum theory andwhy
do people dislike general relativity?
A quantum theory ([2], chap. 1, p. 1; [5], chap. II, p. 54) is a consistent the-
ory that includes (at least) proper definitions of the Poincare´ generators ([1],
sec. XIII.4.b, p. 382), those of the Lorentz transformations and of translations (thus
momentum operators). This is necessary else it would be impossible to trans-
form to different systems, but transformations are possible and necessary. With-
out these physics cannot be. Beyond that what else is there to require? What else
is possible? General relativity satisfies these requirements, there are strong rea-
sons to believe it is consistent, and is unique. Thus it is the quantum theory of
gravity. There is nothing that can be done to “quantize” it.
There is confusion abut quantum mechanics [5]. Both this name and wave-
function are unfortunate. Discreteness is neither universal nor fundamental. For
angular momentum it is a property of the rotation group (and forms of represen-
tations of semisimple groups in general). For atoms it comes from requirements
such as that there be no infinities. But there is no quantitization for a free particle,
one tunneling through a barrier, or for a huge number of other cases.
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Nor does quantum mechanics lead to objects fluctuating. The gravitational
field does not fluctuate. If an experiment is redone many times the results are
different (usually only a little) for each repetition. For a box of neutrons the num-
ber decaying in each second varies. But the neutrons do not vary, they do not
oscillate.
There are also fears of infinities. But these occur for intermediate steps in a
calculational procedure: perturbation theory. They are regarded as due to point
particles. But there are no such objects as point particles, even classically. There is
nothing in any fundamental equation of physics that even hints of them. Overem-
phasis on infinities is based of a belief that the universe is carefully designed to
make physicists’ favorite approximation method work. That is not likely. What
they show is that perturbation theory has problems, not electromagnetic theory
or gravitation.
There is no reason to think either is inconsistent, but rather there are strong
reasons to believe both are consistent.
If general relativity is a quantum theory does it have uncertainty relations?
As with any field theory it does. But they are different from those we are more fa-
miliar with— forwhich the product of uncertainties is greater than some number.
But gravitation is, necessarily, nonlinear. Thus for it the product of uncertainties
is greater than a function of the statefunction (the connection). They are far more
complicated and depend on the physical situation. It would be interesting find
these for some cases.
There is much understood but still much to be learned about gravitation.
Perhaps these comments can stimulate further thought about such questions. We
see again that geometry imposes its will on physics [1,2,3,4,5,6]. For massless rep-
resentations this is particularly clear, for others less so — but perhaps only for
now.
Some of these topics will be discussed elsewhere [7], for some in greater
depth and in a more elementary manner.
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8 Physics Would Be Impossible in Any Dimension
But 3+1 — There Could Be Only Empty Universes
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Abstract. Our universe has dimension 3+1: three of space, one of time. And it must — a
universe could not exist if the dimension were different. Physics has to be inconsistent —
not possible — in any other dimension ([6], chap. 7, p. 122). Why?
8.1 There must be observers
A most fundamental fact of nature is that there are different observers — physi-
cal objects. They must all be able to observe, their observations must make sense
and must be related. And these are related by geometry. Mathematically all phys-
ical laws have to be expressible — in a consistent way — in different coordinate
systems.
Thus we can use coordinates x, y or
x = x ′ cosθ + y ′ sin θ, (8.1)
y = y ′ cosθ− x ′ sinθ. (8.2)
This — rotation — is merely a change of symbols with no physics involved. If it
gave an inconsistent set of laws then there could be no laws, physics would not
be possible, thus nor would a universe.
These transformations need not be symmetries (although it is quite provoca-
tive that they are symmetries also). They form transformation groups (sets of
transformations) ([6], sec. A.2, p. 178; [9], sec. I.7.b, p. 37), but need not be sym-
metry groups (sets of transformations leaving space or other systems invariant).
Were a direction of space different (simulated by the vertical) it would not
matter. Arguments would not be affected. Since that is all these are, transforma-
tions not symmetries, requirements on space and nature are very weak thus quite
strong. They are weak because very little (actually it seems nothing) is put in, is
needed. So they are quite strong as it is (almost?) impossible to avoid them, to
have anything else thus avoid what a universe must be like. And that is not only
quite strong but quite disturbing.
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8.2 So a homomorphism is required
But why are transformations — just rotations — so restrictive, so difficult? Why
is it impossible to have them for physical objects in any space but one, that of
dimension 3+1, and that just barely? Coordinates are real numbers thus trans-
formed by orthogonal (rotation) groups. Physical objects are given by statefunc-
tions (a better term than wavefunction since nothing waves). And these are com-
plex numbers, thus transformed by unitary groups.
Unitary and orthogonal transformations have to be related (essentially the
same), else there could be no physical objects.
Consider an electron with spin up along z. It is not up along z ′. Its statefunc-
tion expressed in terms of z ′ is different from that expressed in terms of z. One
gives spin up, the other gives it at an angle. They are different, but related. Know-
ing that along z and the angle of rotation we know it along z ′. The statefunction
is transformed — and by a unitary transformation. For each rotation there are
corresponding unitary transformations.
Any rotation can be written in an infinite number of ways as a product of ro-
tations. This is also true of unitary transformations. Rotations and unitary trans-
formations both form groups.
A fundamental requirement is that the products coincide (up to a possible
sign) — the groups are homomorphic. Consider a rotation and then the inverse,
but one written as a product. This can be done in an infinite number of ways
going from a state back to the original. The final state is the same as that from
which we started. These transformations are purely mathematical, just changes
of variables, as above.
Suppose that for each product the direction of spin of the electron were dif-
ferent — even though the orientation of the coordinate system (the observer) is
the same. That is observers, originally and finally identical, carrying out these
(mathematical) transformations would see different spins even though these ob-
servers are the same. Obviously physics would be inconsistent — not possible,
nor would a universe.
8.3 Dirac’s equation shows this
This can be seen, perhaps more rigorously, using Dirac’s equation. Writing equa-
tions for two objects and an electromagnetic potential
iγµ
∂ψ(x)j
∂xµ
−mjψ(x)j + I(ψ(x)j, A) = 0; j = 1, 2, (8.3)
with statefunctionψ(x) giving the probability of finding the object at xwith some
spin direction,A (written schematically), the electromagnetic potential, for which
there is another equation, and I the interaction term (whose form is irrelevant
— the argument is very general). We can take the z axis along the spin of one
electron or along the spin of the other (or pick any axes)— there is no way we can
restrict the direction of arbitrary axes. We must be able to transform (by changing
variables as in the equations above) so such equations for the statefunctions have
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to be properly transformable under (arbitrary) rotations. But coordinates are real
and statefunctions complex. Therefore transformations on terms in the equations
are different.
Were conditions not fulfilled then a set of (mathematical) rotations returning
to the initial coordinates — so nothing is changed — would give different equa-
tions. These would depend on how rotations were (mathematically) carried out.
Electrons would get very confused, they would not know what equation to obey.
Thus there is a set of equations, one for each object (including the electromagnetic
potential). However if conditions were not met then howwe (mathematically) ro-
tate determines these equations, clearly ridiculous — they would be inconsistent.
Each set of rotations, returning to the original orientation, would give different
equations. Statefunctions would have to — simultaneously — satisfy all equa-
tions obtained by the infinite set of possible rotations. Obviously that could not
be.
If these equations were inconsistent — and if the transformations were not
properly related that proves that they are— the only solutions are all zero. Every
statefunction would be zero, thus would the probability of finding any object be
— the universe is then empty.
What determines the dimension then is that equations of physics must be in-
variant under space transformations, here rotations. But these involve objects that
are real (coordinates), and ones that are complex (statefunctions). Hence these
must transform the same way, which they do not do — unitary and orthogonal
groups are not homomorphic. Fortunately there is one dimension, 3+1, with uni-
tary and orthogonal groups that are. And that thus is the only possible dimension
allowing a universe with matter.
8.4 Mathematical analysis
We consider this in more depth.
For mere existence there must be one dimension whose orthogonal group
is homomorphic to a unitary group. Given a space it cannot contain matter un-
less there is a unitary group homomorphic to the (pseudo-)rotation group of that
space. The Lie algebras of these groups have to be isomorphic. Is this possible?
Seemingly no. The number of generators (parameters) and the number of com-
muting generators of unitary and orthogonal groups are different. Can there be a
space in which they are the same? The analysis is essentially trivial, just counting.
For orthogonal groups it requires counting the number of planes, each giving a
generator, and the number of planes that do not share an axis, each giving com-
muting generators. Counting need not be done here since the results are known
and the counting is trivial. (Existence is based on trivialities.)
The number of sets of rotations in a space of dimension d is
Nd =
(d − 1)(d − 1+ 1)
2
=
d(d − 1)
2
. (8.4)
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Counting nonintersecting planes gives the number of sets of com- muting
rotations,
Cc =
d
2
, for d even, and Cc =
(d − 1)
2
, for d odd. (8.5)
For a unitary group in a space of dimension p there are p2 − 1 transforma-
tions, of which p− 1 commute.
These quite elementary formulas for the number of rotations and the number
of commuting ones determine whether any universe is possible.
A space of dimension d cannot containmatter unless there is a unitary group,
in some complex space of dimension p, whose Lie algebra is isomorphic to that
of the orthogonal group of the space. Setting the numbers of generators, and the
numbers of commuting ones, equal we find that this is possible only for d = 3 or
6. Which does the universe choose?
There is more.
Rotations are defined as those transformations (on real numbers) leaving
angles and lengths unchanged. Angles of rotations are real numbers but there
are also complex parameters for which these are preserved ([6], sec. 7.2, p. 124).
Both imaginary and real parts are limited as the formulas show but both can be
nonzero. In general such a transformation in a plane relates coordinates by
x ′ = xα+ yβ, (8.6)
with α,β complex.
Mathematically if the sets of transformations on real and complex numbers
are the same for real parameters they must be the same for complex ones. We
write
α = a + ib, (8.7)
using two real parameters a, b. The equations for the real and imaginary parts are
essentially the same. We then get two equivalent sets of transformations, for the
real parts of the parameters and for the imaginary parts. However the number
of sets of commuting transformations does not depend on whether parameters
are real or complex. Transformations in planes sharing an axis do not commute
but do commute if they do not share an axis. Whether parameters are complex or
only real does not change this.
If transformations on complex numbers (statefunctions) are the same for real
parts of parameters of the generalization of rotations they must be the same for
imaginary parts. This necessitates another condition — which is fortunate. And
fortunately space gives another transformation: inversion.
A statefunction for an object with spin 1
2
has two parts, giving spin up and
spin down. No matter what the direction of its spin the statefunction can always
be written as a sum of these two taken along any axis (which does not mean,
as sometimes believed, that it can only point up or down — it can be in any
direction). Under an inversion the statefunction goes to a different one thus it has
four components (the Dirac bispinor). The two two-dimensional spinors behave
somewhat differently under all these transformations with complex parameters
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(the CO(3,1) group) as there are differences in minus signs for the boosts ([2],
p. 216), ([12], p. 312), ([13], p. 79).
Thus the bispinor really has 4 components, which is exactly what is needed.
The universe could not exist were this not true.
What condition do these, complex parameters and the inversion, give? Con-
sider that the statefunction of an object has p parts (here 4). It transforms under
SU(p). Is there any spacewhose orthogonal algebra is isomorphic to that of SU(p),
for some p? We know the number of generators for these algebras. We take the
statefunction in such a space to have j (here 2) blocks, each then of size p
j
.
The number of parameters, now complex, for the transformations are thus
twice those of the set of rotations. The rotations are the same so the number of
commuting ones does not depend onwhether the parameters are real or complex.
On this complex statefunction there are transformations going with the rotations
plus others mixing the j blocks. The number of these is the sum of those of the
two sets. The total number of parameters must be equal to the total number of
transformations on this p-dimensional complex space. So
(d2 − d) + j2 = p2, (8.8)
and for the commuting ones
d
2
+ j = p or
(d− 1)
2
+ j = p, (8.9)
for d even and d odd.
It can easily be checked that the only solution is
d = 4, p = 4, j = 2. (8.10)
Neither 3 nor 6 satisfies. This gives that the dimension is 4. Fortunately j equals
2 (the Dirac bispinor) as it must since it is the inversion — which can only in-
terchange one block with another — that requires blocks. There can thus be only
two.
For larger spin, statefunctions transform as reduced products of this funda-
mental representation— for the same p.
The dimension then must be 3 or 6, but can only be 4. That seems to imply
that any universe is impossible. Fortunately the choices are 3 and 4, thus can be
both. Uniquely 3 + 3 = 6; the three generators of SO(3) plus the three of SO(3)
gives the same number of generators as the six of SO(4). That group is not simple
but only semisimple. It is easy to prove that this is the only orthogonal group that
is not simple — only for dimension 4 can this argument work. And that is just the
dimension the argument gives.
Each of the SO(3) groups has the correct number of transformations to satisfy
the condition from real angles, the two together satisfy the condition for complex
ones. One group acts on each of the two-dimensional spinors, the other group
acts on the pair treating it as a two-dimensional spinor (each of which has two
components). The six generators of SO(4) break into two sets, each of the three
generators of SO(3). Only for dimension 4 is this splitting possible.
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Why does this work? The (complex) statefunction must split into two cor-
responding parts (since space also allows an inversion), here each themselves of
two parts giving four (components) altogether. Rotations act (identically) on each
of the two pieces but boosts (changes of speed) do not, differing in minus signs.
However as there are two parts an additional set of transformations mixes them.
Hence the group of transformations of real space, CO(4), has twelve parameters.
But there are an additional three parameters because the inversion gives a pair of
spinors and this group mixes them. Coordinate systems obtained by these trans-
formations on space are possible — it must be possible to write physical laws
using any. Equations have to be form-invariant under them. Thus space allows a
15-parameter set of transformations, the same number as that of SU(4).
The electron statefunction illustrates this. Rotations mix up and down states.
But we have pairs of these. So another set of rotations mixes the pairs (each a
pair). Two sets of rotations are thus needed giving two sets of transformations
on complex statefunctions. Each of the two sets of (three) rotations has a set of
(homomorphic) transformations on complex variables — each acts in a three-
dimensional space which is one of the two possible spaces allowed by the first
condition. Thus the set (of the two sets together), with six parameters (three com-
plex parameters so six real numbers) plus the set of unitary transformations mix-
ing the blocks (spinors) have a (homomorphic) set of unitary transformations go-
ing with it.
In summary what transformations are there for this 4-dimensional complex
statefunction? Clearly those of SU(4). However if we rotate (with complex param-
eters) we induce transformations on each of the two-dimensional spinors. There
are two 3-dimensional real spaces whose transformations act independently on
these spinors (because SO(4), being uniquely semisimple, splits into two parts).
This gives 12 transformations. Also the pair of spinors is a 2-dimensional complex
number, giving three more transformations. The total number is thus 15, equal to
that of SU(4).
Spacemust have dimension 4. Yet that is not unique. Is it 4 of space, 3 of space
and 1 of time, or 2 of each? The signature is irrelevant to these arguments; only
the number of parameters mat- ters. Both SO(4) and SO(2,2) are only semisim-
ple ([1], p. 868; [15], p. 274), which is necessary for this argument ([3], p. 52; [4],
p. 340). Each consists of two parts these acting on 3-dimensional spaces. But 3-
dimensional spaces do not satisfy as we see. However SO(3,1) fortunately is sim-
ple. Physics, a universe, is only possible in a space of dimension 3+1, three of
space plus one of time.
These conditions are necessary — only dimension 3+1 is possible — but that
does not mean that the groups are homomorphic, only that they cannot be in any
other dimension. It is well-known that they are ([1], p. 65), ([14], p. 6), so this need
not be discussed here.
The universe is possible, but just barely. The equations must have integer
solutions. There is no reason to expect that any have integer solutions, that there
is any integer that satisfies any one — and certainly not all. Change only one
number in any of the equations even by 1. Then its solution would not be an
integer. That mere change would make universes hopeless. And there must be
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two blocks, which is just what the inversion gives. But the inversion has nothing
to do with the counting arguments that give the requirement of two blocks. As
we see there are several — independent — arguments; none should be satisfied
and definitely not all, all together. Yet strangely there is one dimension and one
only — it is unique — that does satisfy all — and all at once.
The dimension emphasizes again, as seen in so many ways [5,6,7,8,9,10], that
geometry and physics are deeply intertwined. Geometry limits, perhaps deter-
mines, physics. Physics is possible only in a universe with the proper geometry.
They almost seem, perhaps are, one subject.
Derivation of the dimension was given previously in a somewhat differ-
ent manner but with additional analysis ([6], chap. 7, p. 122), and will be else-
where [11]. That is on a more elementary level with greater detail including rea-
sons that the only possible dimension is just the right dimension — certainly for
life. What we learn from that more extensive analysis of nature (going well be-
yond the dimension) is that the laws of physics really do love us.
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Abstract. The proton can’t decay, baryon number must be conserved. This is proven rig-
orously but it can be seen intuitively (using care not to be misled). The proton, the lightest
strongly-interacting fermion, can be taken (roughly) to have a strong-interaction contribu-
tion to its mass. If it decays into fermions with no strong interaction then this contribution
disappears, violating conservation of energy. This is made rigorous.Why pions are differ-
ent, so can decay, is discussed.
9.1 Intuitive arguments
Experimentally the proton is stable; baryon number is conserved. Must it be so?
Actually it is easy to understand why it must.
The proton is the lightest fermion with strong interactions. Suppose that the
weak interaction caused it to decay to leptons (and perhaps photons) which are
not affected by strong interactions. Then the weak interaction would turn off the
strong one — a state with would go to a state without. But one interaction can-
not turn off another. Anyone who doubts this can write a Hamiltonian with an
interaction that turns off interactions.
This can also be seen with Feynman diagrams. Consider a diagram (of which
there are an infinite number) in which a proton emits a virtual pion (kaon, or any
other possibility) and then reabsorbs it. Going with that diagram there is another
for which the proton emits the pion and then decays to leptons. The poor pion
has to be reabsorbed. But it does not interact with leptons thus there is nothing
that can absorb it.
Such diagrams violate conservation of energy (thus the entire set must).While
there are various ways of considering this, protons cannot decay because of con-
servation of energy as we see formally below.
9.2 But pions can decay
While theweak interaction of baryons cannot turn the strong one off or on, mesons
(like the pion) do decay to leptons. Why? The photon is analogous; its number is
not conserved although charge is. However it is neutral, it couples to a neutral
⋆ sssbb@cunyvm.cuny.edu
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object, taken as a particle-antiparticle pair (the current is of this form). Electron-
photon scattering can be regarded as creation of an electron-positron pair by the
photon; the positron annihilates the electron and that of the pair replaces it. So
while the electromagnetic interaction (of an electron) cannot be altered (it can-
not be turned off — charge is conserved), photons can be taken as not directly
interacting. Their creation or annihilation does not modify an interaction.
It is similar for mesons which can be regarded as having no strong interac-
tions but rather couple to particle-antiparticle pairs. We can view meson-baryon
scattering as annihilation of the baryon by its antiparticle with it replaced by the
(identical) baryon of the pair. And decay can be seen as a baryon-antibaryon pair
scattering into leptons or photons. So we take a Feynman diagram in which the
meson goes into a virtual pair of baryons which then interact (annihilate) turning
into non-strongly-interacting objects, leptons or photons. This does not violate
conservation of energy. Because of what they are coupled to, baryon-antibaryon
pairs, mesons can decay into objects not affected by strong interactions.
9.3 Mathematical analysis
With this intuitive understanding of why baryons cannot decay into only leptons
but mesons can, we outline a more formal proof. It has been given previously
with full details ([6], sec. IV-4, p. 212), but an outline clarifies the physical aspects
and shows implications that can be revealing in other ways. To study the decay
we consider the action of the Hamiltonian, H, on a proton. Acting on a state at
t = 0, time-translation operator exp(iHt) gives the state at time t. Can this take a
baryon to a state whose fermions are only those not having strong interactions?
What is a proton? Mathematically (the only way it can be treated) it is a
function obeying Dirac’s equation with mass mP and the (here irrelevant and
suppressed electromagnetic, gravitational), weak and strong interactions (whose
forms are irrelevant). It is the presence of interactions that determines what a pro-
ton is. (Correctly an object is an eigenstate of the two Poincare´ invariants ([2],
sec. 6.3, p. 114). For a free particle, and one with an electromagnetic interac-
tion, Dirac’s equation is equivalent. Whether this is true with other interactions
seems unknown so consequences of, perhaps important, differences if any are
not clear. And putting interactions in invariants, which must be done whether
Dirac’s equation is used or not, might limit them. Particles are also eigenstates or
sums of the momentum operators ([3], sec. 5.4, p. 93), of which the Hamiltonian
is one. We ignore these, and refer to Dirac’s equation but discussions should be of
invariants which might be revealing. The statefunction (a better term than wave-
function) of the proton is a solution of coupled nonlinear equations. We need
information about it but cannot solve so represent it in a way that allows analysis
using an expansion. The arguments though are exact; we do not calculate so need
not truncate.
The physical particle, labeled with a capital, that obeying Dirac’s equation
with all interactions, is a sum of states (schematically):
|P) = c(x, t)|p) +
∑
c(x, t)ppi|p)|π) + . . .+
∑
c(x, t)KΛ|K)|Λ) + . . . , (9.1)
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summing over all states to which the proton is connected by interactions includ-
ing any number of pions and so on. The summations represent ones over inter-
nal labels and integrals over momenta. All are suppressed; this argument is very
general. State |p) is the function satisfying Dirac’s equation with the weak inter-
action, but not the strong. The effect of that is given by this sum which is thus
an eigenstate with mass mP, of the total Hamiltonian, including all interactions.
Individual terms in the sum differ in energy and momenta; it is the sum that has
the eigenvalues. Thus what this does is to write the strongly-interacting object as
a sum of terms of objects (states satisfying equations) that have no strong inter-
actions. Hence we are putting in the strong interaction explicitly by writing the
physical object as this sum. We then can distinguish between objects with and
without the particular interaction we wish to consider.
Coefficients are determined by the requirement that this be a solution of that
set of complete equations for all objects to which the proton is coupled, directly
or indirectly, and normalization (P|P) = 1. Also the initial state, a wavepacket,
taken as a proton at rest, gives the coefficients at t = 0.
The effect of the Hamiltonian is seen from that ofHwhich is a sum of the free
particle Hamiltonians for the proton, pion (and so on) and leptons, plus terms
for weak and strong interactions. The state of the system is a sum of terms, one
the state of the proton, another (if decay were possible) the product of pion and
lepton states and such, each summed over other labels and with integrals over
momenta or space. The free part of H changes the phase. The weak interaction
part, were decay possible, decreases the coefficient of the proton in the sum, while
increasing that of the (say) pion plus lepton, initially zero — starting as a proton,
the state becomes a sum of the proton, its contribution decreasing, plus the pion
plus lepton state, with increasing contribution (and so on for other states). For the
decaying pion the behavior is similar: starting as a pure pion it becomes a sum
of that plus a state of leptons with the contribution of the first decreasing, of the
second increasing.
What goes wrong? The weak interaction acts on |p) supposedly causing it to
decay, so the final state is
|fs) =
∑
dpilc|π)|l) +
∑
epipil|l)|π)|π) + . . .
+
∑
dlllc|l)|l)|l) +
∑
dpilll
∑
cppi|l)|l)|l)|π) + . . . , (9.2)
showing the transition to a pion plus a lepton, and to three leptons, and so on,
with coefficients of non-occurring terms zero. The energy of |fs) is mP, not mp,
so needs contributions from all terms. But |fs) is say a lepton plus a pion so other
terms, to which this is orthogonal, cannot contribute.
Hence we can see why the proton cannot decay. State |p) satisfies the equa-
tion with the weak interaction, thus is caused to decay by it. But its mass is not
the physical mass since the equation it satisfies is not the equation satisfied by the
physical object. However the physical object decays (were that possible) because
of the decay of each of these terms. Each term however gives a state with energy
less than the mass of the mass of the physical object. It is only the sum of masses
that equals the physical one. But these (smaller) masses cannot be summed be-
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cause the final states are different. The physical proton can decay to only one (for
each decay) and the mass of that one is less than the mass of the initial state.
The decay of the proton cannot conserve energy, thus cannot occur. An intu-
itive way (which must be used very carefully as it can be misleading) of looking
at this is that the proton has a contribution to its mass because of its strong inter-
action and this disappears when it decays.
Similarly decays of leptons (the τ) to baryons are ruled out.
9.4 Charge conservation is similar
The argument for electric-charge conservation is the same. Charge conservation
is related to gauge invariance, a partial statement of Poincare´ invariance ([3],
sec. 3.4, p. 43) — this relates an allowed interaction to the Poincare´ group. An in-
teraction violating charge conservation would not transform under gauge trans-
formations as other terms in the Hamiltonian, giving Poincare´ transformations
(on massive objects) that induce gauge transformations (on massless ones) result-
ing in physically identical observers who undergo the different gauge transfor-
mations — these cannot be fully specified — thus physically identical, but who
see different Hamiltonians. The Hamiltonian would not be well-defined, imply-
ing inconsistent physics. It is fortunate that charge is conserved.
9.5 Implications
There are other implications requiring investigation; we mention a few in hope of
stimulating such. All interactions known are of lowest order. Why? For electro-
magnetism linearity is enforced by gauge (Poincare´) transformations ([3], sec. 4.2,
p. 57). For strong interactions, take a particle, a ∆ or P, that emits a pion. Higher
order terms would couple it not to a single pion, but to more. Intuitively we can
guess why only lowest order occurs since it gives diagrams which we interpret
(purely heuristically) as two or more pions emitted sequentially. Higher-order
means that these are emitted together. However this is the limit of the lowest or-
der in which the time between emissions goes to zero. A higher order interaction
would be this limit which is included in the lowest order as one case; higher-order
terms adding nothing would be irrelevant. Summing all diagrams, and integrat-
ing over time, would give contributions from terms that have the same effect
as higher-order ones, thus changing only the value of the sum, so the value of
the coupling constant — an experimental parameter (at present). Thus we could
not distinguish contributions from terms of different order implying higher order
would be undetectable. This regards particles as virtual. But consider a decay in
two steps, each emitting a pion. If the intermediate object’s life were sufficiently
short this would be equivalent to pions being emitted simultaneously. If a nu-
cleon had an interaction of the form NNN ′π, the emission of an NN ′ pair could
be thought of as due to the decay of a pion, and the interaction taken as the limit of
the emission of a pion and then its decay, when its lifetime becomes zero, merely
changing the sum. These are purely heuristic and must be investigated in greater
depth.
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9.6 Geometry is destiny(?)
This is part of a long investigation of how geometry through its transformation
groups limits and determines physics [1,2,3,4,5,6]. Geometry is quite powerful,
and quite limiting. And physics is quite limited — strangely enough to laws that
allow life [7]. It is strange, and as analysis shows, inexplicable, incomprehensible.
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Abstract. We find the approximate solutions for the Higgs masses and couplings in the
NMSSM with exact and softly broken PQ–symmetry. The obtained solutions indicate that
there exists a mass hierarchy in the Higgs spectrum which is caused by the stability of the
physical vacuum.
10.1 Introduction
The minimal SUSY version of the Standard Model (SM) stabilizing the mass hi-
erarchy does not provide any explanation for its origin.Indeed the Minimal Su-
persymmetric Standard Model (MSSM) being incorporated in the supergravity
theories leads to the µ-problem. Within supergravity models the full superpoten-
tial is usually represented as an expansion in powers of observable superfields
C^α
W = W^0(hm) + µ(hm)(H^1ǫH^2) + hαβγC^αC^βC^γ + . . . , (10.1)
where hm and W^0(hm) are the “hidden” sector fields and its superpotential re-
spectively. The “hidden” sector fields acquire vacuum expectation values of the
order of Planck scale (MPl) breaking local supersymmetry and generating a set of
soft masses and couplings in the observable sector. From dimensional considera-
tions one would naturally expect the parameter µ to be either zero or the Planck
scale. If µ = 0 then the minimum of the Higgs boson potential occurs for 〈H1〉 = 0
and down quarks and charged leptons remain massless. In the opposite case,
when the values of µ ∼ MPl, there is no spontaneous breakdown of SU(2)×U(1)
symmetry at all since the Higgs scalars get a huge positive contribution µ2 to their
squared masses. In order to provide the correct pattern of electroweak symmetry
breaking, µ is required to be of the order of the electroweak scale.
In the simplest extension of the MSSM, the Next–to–Minimal Supersymmet-
ric StandardModel (NMSSM) [1,2], the superpotential is invariant with respect to
the discrete transformations C^ ′α = e
2pii/3Cα of the Z3 group. The term µ(H^1H^2)
does not meet this requirement. Therefore it is replaced in the superpotential by
WH = λS^(H1ǫH2) +
1
3
κS^3 , (10.2)
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where S^ is an additional superfield which is a singlet with respect to SU(2) and
U(1) gauge transformations. A spontaneous breakdown of the electroweak sym-
metry leads to the emergence of the vacuum expectation value of the extra singlet
field 〈S〉 = s/√2 and an effective µ–term is generated (µ = λs/√2). The Z3 sym-
metry of the superpotential naturally arises in string inspired models, where all
observable fields are massless in the limit of unbroken supersymmetry.
In this paper we investigate the Higgs masses and their couplings to the Z–
boson in the NMSSM using approximate solutions. In Section 2 we specify the
Higgs sector of the model. In section 3 the exact Peccei–Quinn (PQ) symmetry
limit in the NMSSM is studied and approximate solutions for the Higgs masses
and couplings are obtained. The scenario of soft PQ–symmetry breaking is dis-
cussed in section 4. In section 5 we summarize our results .
10.2 NMSSMHiggs sector
The NMSSMHiggs sector involves two Higgs doubletsH1,2 and one singlet field
S. The interactions of the extra complex scalar S with other particles is defined
by the superpotential (10.2) that leads to a Higgs boson potential of the following
form:
V =
g2
8
(
H+1 σaH1 +H
+
2 σaH2
)2
+
g ′2
8
(
|H1|
2 − |H2|
2
)2
+
+λ2|S|2(|H1|
2 + |H2|
2) + λκ
[
S∗2(H1ǫH2) + h.c.
]
+ κ2|S|4+
+λ2|(H1ǫH2)|
2 +
[
λAλS(H1ǫH2) +
κ
3
AκS
3 + h.c.
]
+
+m21|H1|
2 +m22|H2|
2 +m2S|S|
2 + ∆V ,
(10.3)
where g and g ′ are SU(2) and U(1) gauge couplings respectively, while ∆V cor-
responds to the contribution of loop corrections. The couplings g, g ′, λ and κ do
not violate supersymmetry. The set of soft SUSY breaking parameters includes
soft massesm21, m
2
2, m
2
S and trilinear couplings Aκ, Aλ.
At the physical minimum of the potential (10.3) the neutral components
of the Higgs doublets H1 and H2 develop vacuum expectation values v1 and
v2 breaking the electroweak symmetry down to U(1). Upon the breakdown of
SU(2)×U(1) symmetry three goldstone modes (G± and G0) emerge, and are ab-
sorbed by the W± and Z bosons. In the field space basis rotated by an angle β
(tanβ = v2/v1) with respect to the initial direction
ImH01 = (P sinβ+ G
0 cosβ)/
√
2, H−1 = G
− cosβ+H− sinβ ,
ImH02 = (P cosβ−G
0 sinβ)/
√
2, H+2 = H
+ cosβ−G+ sinβ ,
ImS = PS/
√
2
(10.4)
these unphysical degrees of freedom are removed by a gauge transformation and
the mass terms in the Higgs boson potential can be written as follows
Vmass =M
2
H±H
+H− +
1
2
(P PS)M˜
2
(
P
PS
)
+
1
2
(H h N)M2

Hh
N

 , (10.5)
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where we replace the real parts of the neutral components of the Higgs doublets
by their superpositions H ,h so that
ReH01 = (h cosβ−H sinβ+ v1)/
√
2 , Re S = (s +N)/
√
2 ,
ReH02 = (h sinβ+H cosβ + v2)/
√
2 .
(10.6)
From the conditions for the extrema
(
∂V
∂v1
=
∂V
∂v2
=
∂V
∂s
= 0
)
of the Higgs
effective potential (10.3) one can expressm2S, m
2
1, m
2
2 via other fundamental pa-
rameters, tgβ and s. Substituting the obtained relations for the soft masses in the
2× 2 CP-odd mass matrix M˜2ij we get:
M˜211 = m
2
A =
4µ2
sin2 2β
(
x−
κ
2λ
sin 2β
)
+ ∆˜11 ,
M˜222 =
λ2v2
2
x+
λκ
2
v2 sin 2β − 3
κ
λ
Aκµ+ ∆˜22 ,
M˜212 = M˜
2
21 =
√
2λvµ
(
x
sin 2β
− 2
κ
λ
)
+ ∆˜12 ,
(10.7)
where v =
√
v21 + v
2
2 = 246GeV, µ =
λs√
2
, x =
1
2µ
(
Aλ + 2
κ
λ
µ
)
sin 2β and ∆˜ij
are contributions of the loop corrections to the mass matrix elements. The mass
matrix (10.7) can be easily diagonalized via a rotation of the fields P and PS by an
angle θA (tan 2θA = 2M˜
2
12/(M˜
2
11 − M˜
2
22)) .
The charged Higgs fields H± are already physical mass eigenstates with
M2H± =m
2
A −
λ2v2
2
+M2W + ∆±. (10.8)
HereMW =
g
2
v is the charged W-boson mass and ∆± includes loop corrections
to the charged Higgs masses.
In the rotated basis H ,h ,N the matrix elements of the 3 × 3 mass matrix of
the CP–even Higgs sector can be written as [3]–[4]:
M211 = m
2
A +
(
g¯2
4
−
λ2
2
)
v2 sin2 2β + ∆11 ,
M222 = M
2
Z cos
2 2β +
λ2
2
v2 sin2 2β + ∆22 ,
M233 = 4
κ2
λ2
µ2 +
κ
λ
Aκµ+
λ2v2
2
x−
κλ
2
v2 sin 2β + ∆33 ,
M212 = M
2
21 =
(
λ2
4
−
g¯2
8
)
v2 sin 4β + ∆12 ,
M213 = M
2
31 = −
√
2λvµx cot 2β + ∆13 ,
M223 = M
2
32 =
√
2λvµ(1 − x) + ∆23 ,
(10.9)
whereMZ =
g¯
2
v is the Z–boson mass, g¯ =
√
g2 + g ′2, and ∆ij can be calculated
by differentiating ∆V [3]. Since the minimal eigenvalue of a matrix does not ex-
ceed its smallest diagonal element, at least one Higgs scalar in the CP–even sector
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has to be comparatively light: mh1 ≤
√
M222. At the tree level the upper bound
on the lightest Higgs mass in the NMSSM was found in [2]. It differs from the
corresponding theoretical limit in the minimal SUSY model only for moderate
values of tanβ. As in the MSSM the loop corrections from the t–quark and its
superpartners raise the value of the upper bound on the lightest Higgs mass re-
sulting in a rather strict restriction onmh1 ≤ 135GeV [5]. The Higgs sector of the
NMSSM and loop corrections to it were studied in [6].
In the field basis P, PS, H, h, N the trilinear part of the Lagrangian, which
is responsible for the interaction of the neutral Higgs states with the Z–boson, is
simplified:
LAZH =
g¯
2
MZZµZµh+
g¯
2
Zµ
[
H(∂µP) − (∂µH)P
]
. (10.10)
Only one CP-even component, h, couples to a pair of Z–bosons while another, H,
interacts with pseudoscalar P and Z. The coupling of h to the Z pair is exactly
the same as in the SM. In the Yukawa interactions with fermions h also manifests
itself as the SM like Higgs boson.
The couplings of the physical Higgs scalars to the Z pair (gZZi, i = 1, 2, 3)
and to the Higgs pseudoscalars and Z boson (gZA1i and gZA2i) appear due to the
mixing of h,H and P with other components of the CP–odd and CP–even Higgs
sectors. Following the traditional notation we define the normalized R–couplings
as: gZZi = RZZi× g¯
2
MZ and gZAji =
g¯
2
RZAji. All relative R–couplings vary from
zero to unity and are given by
RZZi = U
+
hi , RZA1i = −U
+
Hi sinθA , RZA2i = U
+
Hi cos θA , (10.11)
where Uij is unitary matrix relating components of the field basis H, h, and N to
the physical CP-even Higgs eigenstates.
10.3 Exact Peccei–Quinn symmetry limit
First of all let us discuss the NMSSM with κ = 0. At the tree level the Higgs
masses and couplings in this model depend on four parameters: λ,µ,tanβ, mA
(or x). When λ is small enough (say λ ≤ 0.1) the experimental constraints on the
SUSY parameters obtained in the minimal SUSY model remain valid in the the
NMSSM. If tanβ ≤ 2.5 the predominant part of the NMSSM parameter space is
excluded by unsuccessful Higgs searches. Non-observation of charginos at LEPII
restricts the effective µ-term from below: |µ| ≥ 90 − 100GeV. Combining these
limits one gets a useful lower bound onmA at the tree level:
m2A ≥ 9M2Zx . (10.12)
Requirement of the validity of perturbation theory up to the high energy scales
constrains the parameter space further. In order to prevent the appearance of Lan-
dau pole during the evolution of the Yukawa couplings from the electroweak
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scale to Grand Unification scale (MX) the value of λ has to be always smaller
than 0.7 .
In the NMSSM with κ = 0 the mass of the lightest pseudoscalar vanishes.
This is a manifestation of the enlarged SU(2) × [U(1)]2 global symmetry of the
Lagrangian. The extra U(1) (Peccei–Quinn) symmetry is spontaneously broken
giving rise to a massless Goldstone boson (axion) [7]. The Peccei–Quinn sym-
metry and the axion allow one to avoid the strong CP problem, eliminating the
θ–term in QCD [8]. At low energies the axion gains a small mass due to mixing
with the pion. The mass of orthogonal superposition of P and PS is
m2A2 = m
2
A +
λ2v2
2
x+ ∆˜22 . (10.13)
The lower bound onmA (10.12) leads to the hierarchical structure of the CP–
even Higgs mass matrix. It can be written as
M2 =

 A εC†
εC ε2B

 , (10.14)
where ε << 1. Indeed the top–left entry (M211 = A) of the corresponding 3 × 3
mass matrix (10.9) is the largest one in the dominant part of parameter space. It is
proportional tom2A whileM
2
12 ∼ M
2
22 ∼ M
2
33 ∼ M
2
Z andM
2
13 ∼ mAMZ. Therefore
the ratioMZ/mA plays the role of a small parameter ε.
The CP–even Higgs mass matrix can be reduced to block diagonal form:
VM2V† ≃


M211 +
M413
M211
O(ε3) O(ε3)
O(ε3) M222 M
2
23 −
M213M
2
12
M211
O(ε3) M223 −
M213M
2
12
M211
M233 −
M413
M211


(10.15)
by virtue of unitary transformation
V =


1−
ε2
2
Γ †Γ εΓ †
−εΓ 1−
ε2
2
ΓΓ †

 , Γ = CA−1 . (10.16)
The obtained matrix (10.15) is now easily diagonalized via a rotation by an angle
θ of the two lowest states
R =

1 0 00 cosθ sin θ
0 − sinθ cos θ

 , tg 2θ = 2
(
M223 −
M213M
2
12
M211
)
M222 −M
2
33 +
M413
M211
. (10.17)
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As a result we find the approximate formulae for the masses of the CP–even
Higgs bosons
m2h3 = M
2
11 +
M413
M211
,
m2h2,h1 =
1
2
(
M222 +M
2
33 −
M413
M211
±
√(
M222 −M
2
33 +
M413
M211
)2
+ 4
(
M223 −
M213M
2
12
M211
)2 .
(10.18)
Also using the explicit form of the unitary matrix U† ≈ V†R†, that links H,h and
N to the mass eigenstates, the approximate expressions for the couplings of the
lightest Higgs particles to the Z–boson can be established:
RZZ2 ≈ cos θ , RZZ1 ≈ − sinθ ,
RZA12 ≈
(
M212
M211
cosθ+
M213
M211
sinθ
)
sin θA ,
RZA11 ≈
(
M213
M211
cosθ−
M212
M211
sinθ
)
sin θA ,
(10.19)
The approximate solutions for the CP-even Higgs boson masses and cou-
plings shed light on their behaviour as the NMSSM parameters are varied. As ev-
ident fromEq.(10.18), at large values of tanβ or µ the mass–squared of the lightest
Higgs scalar tends to be negative becauseM223 becomes large while bottom–right
entry of the matrix (10.15) goes to zero. Due to the vacuum stability requirement,
which implies the positivity of the mass–squared of all Higgs particles, the auxil-
iary variable x is localized near unity. At the tree level we get
1− ∆ < x < 1+ ∆ , ∆ ≈
√
M2Z cos
2 2β +
λ2v2
2
sin2 2β
m0A
, (10.20)
where m0A = 2µ/ sin 2β. The allowed range of the auxiliary variable x is quite
narrow (see [4]). According to the definition of mA (10.7) the tight bounds on x
enforce mA to be confined in the vicinity of µ tgβ which is considerably larger
than the Z-boson mass. As a result the masses of the charged Higgs boson, heavi-
est CP-odd and CP-even Higgs states are rather close tomA. At the tree level the
theoretical bounds on the masses of the lightest Higgs scalars are
m2h1 ≤
λ2v2
2
x sin2 2β ,
m2h2 ≥M2Z cos2 2β+
λ2
2
v2 sin2 2β ,
m2h2 ≤M2Z cos2 2β+
λ2
2
v2(1+ x) sin2 2β .
(10.21)
The masses of h2 and h1 are set by the Z-boson mass and λv respectively so that
mh1 ,mh2 ≪ mA in the allowed range of the parameter space.
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10.4 Soft breaking of the PQ-symmetry
Unfortunately searches for massless pseudoscalar and light scalar particles ex-
clude any choice of the parameters in the NMSSM with κ = 0, unless one allows
λ to become very small [9]. In order to get a reliable pattern for the Higgs masses
and couplings the Peccei–Quinn symmetry must be broken. Recently different
origins of extra U(1) symmetry breaking were discussed [10]. Here we assume
that the violation of the Peccei–Quinn symmetry is caused by non–zero value
of κ. As follows from the explicit form of the mass matrices (10.7), (10.8) and
(10.9) in this case the Higgs spectrum depends on six parameters at the tree level:
λ, κ, µ, tgβ,Aκ and mA (or x). We restrict our consideration by small values of κ
when the PQ–symmetry is only slightly broken. To be precise we consider such
values of κ that do not change much the vacuum energy density. the last require-
ment places a strong bound on κ when λ goes to zero:
κ < λ2 . (10.22)
If κ ≫ λ2 then the terms κ2|S|4 and κ
3
AκS
3 in the Higgs effective potential (10.3)
becomes much larger |µ|4 ∼ M4Z increasing the absolute value of the vacuum en-
ergy density significantly. A small ratio κ/λ may naturally arise from the renor-
malization group flow of λ and κ fromMX toMZ [4,11].
The soft breaking of the PQ–symmetry does not lead to the realignment of
the Higgs spectrum preserving its mass hierarchy. StillM211 is the largest matrix
element of the CP-even Higgs mass matrix in the admissible part of the NMSSM
parameter space. Therefore the approximate formulae (10.18)–(10.19) obtained in
the previous section remain valid in the considered limit. It is easy to see that the
lightest CP–even Higgs states respect a sum rule
m2h1 +m
2
h2
=M222 +M
2
33 −
M413
M211
. (10.23)
The right–hand side of Eq.(10.23) is almost insensitive to the choice of mA and
rather weakly varies with changing tgβ. As a result of the sum rule (10.23) the
second lightest Higgs scalar mass is maximized as mh1 goes to zero, and vice
versa the lightest Higgs scalar gets maximal mass when mh2 attains minimum
(see also Fig. 10.1). According to Eq.(10.18) the mass of the lightest CP–evenHiggs
boson vary within the limits:
0 ≤ m2h1 ≤ min
{
M222 , M
2
33 −
M413
M211
}
(10.24)
The mass matrix of the CP-odd Higgs sector also exhibits the hierarchical
structure. Indeed the entry M˜211 is determined by m
2
A whereas the off-diagonal
element of the matrix (10.7) is of the order of λv ·mA. Since the ratio κ/λ is small,
the other diagonal entry M˜222 ≪ m2A. this again permits one to seek the eigenval-
ues of the matrix (10.7) as an expansion in powers of λv/mA. The perturbation
theory being applied for its diagonalization results in concise expressions for the
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squared masses of the Higgs pseudoscalars
m2A1 ≈ M˜222 +
M˜412
M˜211
, m2A2 ≈ M˜211 −
M˜412
M˜211
. (10.25)
Because the PQ–symmetry is now broken the lightest CP–odd Higgs boson also
gains non–zero mass. In compliance with Eq.(10.19) the couplings of h1 and h2
to a Z–pair obey the following sum rule:
R2ZZ1 + R
2
ZZ2 ≃ 1 , (10.26)
while RZA11 and RZA12 are suppressed by a factor (λ
2v2/m2A).
At the tree level and large values of tgβ (tgβ & 10) the approximate ex-
pressions (10.18) and (10.25) describing the masses of the Higgs scalar and pseu-
doscalar particles are simplified
m2h3 = m
2
A2
= m2A +
λ2v2
2
x , m2A1 = −3
κ
λ
Aκµ ,
m2h2, h1 =
1
2
[
M2Z + 4
κ2
λ2
µ2 +
κ
λ
Aκµ±
±
√(
M2Z − 4
κ2
λ2
µ2 −
κ
λ
Aκµ
)2
+ 8λ2v2µ2(1− x)2


(10.27)
making their analysis more transparent. Again the positivity of the mass–squared
of the lightest Higgs scalar restricts the allowed range of x
1−
∣∣∣∣∣
√
2κMZ
λ2v
∣∣∣∣∣ < x < 1+
∣∣∣∣∣
√
2κMZ
λ2v
∣∣∣∣∣ , (10.28)
if the PQ–symmetry is only slightly broken. When κ≪ λ2 the admissible interval
of the auxiliary variable x shrinks drastically establishing a very stringent bound
on the value ofmA and strong correlation betweenmA, µ and tgβ that constrains
themasses of the heavyHiggs bosonsmh3 ≈ mH± ≈ mA2 in the vicinity of µ tgβ.
The results of the numerical studies of the Higgs boson masses and their
couplings including leading one–loop corrections from the top and stop loops are
given in Figs. 10.1–10.3. As a representative examplewe fix the Yukawa couplings
at the Grand Unification scale so that λ(MX) = κ(MX) = 2ht(MX) = 1.6, that
corresponds to tgβ ≥ 3, λ(Mt) ≃ 0.6 and κ(Mt) ≃ 0.36 at the electroweak scale.
We set µ = 150GeV which is quite close to the current limit on µ in the MSSM.
The parameter Aκ occurs in the right–hand side of the sum rule (10.23) and in
the mass of the lightest pseudoscalarm2A1 with opposite sign. As a consequence
whereasm2h1 rises over changing Aκ, m
2
A1
diminishes and vice versa. Too large
positive and negative values of Aκ pull the mass-squared of either lightest scalar
or pseudoscalar below zero destabilizing the vacuum that restrictsAκ frombelow
and above. To represent the results of our numerical analysis the parameterAκ is
taken to be near the center of the admissible interval Aκ ≃ 135GeV.
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Fig. 10.1. The dependence of the neutral Higgs boson masses onmA for λ = 0.6, κ = 0.36,
µ = 150GeV, tgβ = 3 and Aκ = 135GeV. The one–loop Higgs masses of scalars (solid
curve) and pseudoscalars (dashed–dotted curve) are confronted with the approximate so-
lutions (dashed and dotted curves). Masses are in GeV.
In Figs. 10.1–10.3 the masses of the neutral Higgs particles and their cou-
plings to Z are examined as a function of mA. From the restrictions (10.28) on
the parameter x and numerical results presented in Fig. 10.1 it is evident that the
requirement of the stability of the physical vacuum and the experimental con-
straints on µ and tgβ rules out low values of mA, maintaining mass hierarchy
whilst κ ≤ λ2. The lightest Higgs scalar and pseudoscalar can be heavy enough
to escape their production at LEP.Moreover as one can see from Fig. 10.2 the light-
est Higgs scalar can be predominantly a singlet field, making its detection more
difficult than in the SM or MSSM. The lightest Higgs pseudoscalar is also singlet
dominated, making its observation at future colliders quite problematic; the cou-
pling of the lightest CP–even Higgs boson to a CP–odd Higgs bosons and a Z
is always strongly suppressed (see Fig. 10.3) according to (10.19). The hierarchi-
cal structure of the mass matrices ensures that the heaviest CP-even and CP-odd
Higgs bosons are predominantly composed of H and P. As a result the coupling
RZA23 is rather close to unity while RZZ3 is almost negligible. In Figs. 10.1–10.3
the approximate solutions (10.18)–(10.19) are also given. They work remarkably
well.
10.5 Conclusions
In the present article we have obtained the approximate solutions for the Higgs
masses and couplings in the NMSSMwith exact and softly broken PQ-symmetry
which describe the numerical solutions with high accuracy. The approximate
formulae (10.18)–(10.19) provide nice insight into mass hierarchies in the con-
sidered model. The vacuum stability requirements and LEP restrictions on the
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Fig. 10.2. The absolute values of RZZ1 and RZZ2 , plotted as a function ofmA for the same
values of λ, κ, µ, tanβ and Aκ as in Fig. 10.1. Solid and dashed–dotted curves reproduce
the dependence of RZZ1 and RZZ2 onmA while dashed and dotted curves represent their
approximate solutions.
NMSSM parameters leads to the splitting in the spectrum of the Higgs bosons.
When κ = 0 or κ ≤ λ2 the charged Higgs states, the heaviest scalar and pseu-
doscalar are nearly degenerate around mA ∼ µ tgβ. The masses of new scalar
and pseudoscalar states, which are predominantly singlet fields, are governed
by the combination of parameters
κ
λ
µ. In the NMSSM with exact and softly bro-
ken PQ–symmetry they are considerably lighter than the heaviest Higgs states.
Decreasing κ pushes their masses down so that they can be even the lightest par-
ticles in the Higgs boson spectrum. The SM like Higgs boson has a mass around
130GeV. We have established useful sum rules for the masses of the lightest
Higgs scalars and their couplings to a Z pair. Also we found that the couplings
of the lightest CP–even Higgs states to the lightest pseudoscalar and Z–boson are
suppressed. Observing two light scalar and one pseudoscalar Higgs particles but
no charged Higgs boson, at future colliders would present an opportunity to dis-
tinguish the NMSSM with softly broken PQ–symmetry from the MSSM even if
the heavy states are inaccessible.
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Fig. 10.3. The absolute values of RZA11 and RZA12 as a function of mA . The parameters
λ, κ, µ, tanβ and Aκ are taken to be the same as in Fig. 10.1. Solid and dashed–dotted
curves correspond to RZA11 and RZA12 while dashed and dotted curves represent their
approximate solutions.
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